ON RATIOS OF PETERSSON NORMS FOR YOSHIDA LIFTS 
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Abstract. We explicate various features of the correspondence between scalar valued Siegel cusp 
forms of degree n and certain automorphic representations on GSp2„. We prove an algebraicity 
property for a ratio of Petersson norms associated to a Siegel cusp form of degree 2 (and arbitrary 
level) whose adelization generates a weak endoscopic lift. 



1. Introduction 

1.1. Motivation. It is of fundamental interest to understand the arithmetic properties of auto- 
morphic forms on Shimura varieties. A well-known problem in this area is Deligne's conjecture [20] 
on algebraicity of critical values of motivic L-functions. Despite results in many special cases, the 
general form of this conjecture remains far from settled. A closely related problem is to prove 
the algebraicity of ratios of Petersson norms (more generally, periods) for "functorially related" 
automorphic forms on different Shimura varieties. 

One of the first results on the algebraicity of such period ratios was obtained for automorphic 
forms on indefinite quaternion algebras. Let g be an arithmetically normalized holomorphic new- 
form of even weight on a compact quotient X of an indefinite quaternion algebra D/Q. Let / 
be the arithmetically normalized holomorphic newform for ro(A) associated to g by the Jacquet- 
Langlands-Shimizu correspondence. Let (/, /) and {g, g) denote the Petersson inner products taken 
on ro(A')\E[ and X respectively. Then, it was proved by Shimura [56] that the ratio {f,f)/{g,g) 
is algebraic. This result was refined by Harris-Kudla [28j and Prasanna [44]. 

Moving on to higher rank groups, let k be an even integer and 5fc(Sp2„(Z)) be the space of 
holomorphic Siegel cusp forms of weight k for the group Sp2„(Z). Given any normalized Hecke 
eigenform / G 52fc_2(SL2(Z)), it is known (see [21]) that there exists a (unique up to multiples) 
Hecke eigenform F G 5fc(Sp4(Z)) satisfying 

(1) Lf (s, vr^) = C{s - l/2)C(s + l/2)Lf (s, ttj) 

where ttj (resp. ttf) denotes the cuspidal automorphic representation on GL2(A) (resp. GSp4(A)) 
associated tcQ / (resp. F), ({s) denotes the Riemann zeta function, Lf{s,TTf) denotes the finite 
part of the Langlands L-function attached to vrj, and L^{s,iif) denotes the finite part of the spin 
(degree 4) L-function attached to ttf- The Siegel cusp form F is called the Saito-Kurokawa lift of 
/. By multiplying F by a suitable complex number if necessary, we can assume that all its Fourier 
coefficients are totally real and algebraic. 

Given /, F as above and a G Aut(C), we have forms °"/ G 52fc-2(SL2(Z)), T G iS'fc(Sp4(Z)) via 
the action of a on Fourier coefficients. It can be shown that ^F is the Saito-Kurokawa lift of '^f . 
Furusawa [23] proved the remarkable result that the quantity ^ {Pf)^ ^® algebraic number and 
moreover, for all a G Aut(C), we have 



(/,/) ) C^/,-^/) 



"'^See Section [3.31 for details on how to associate automorphic representations to Siegel cusp forms. 
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Furusawa's result was refined by Kohnen [3lj, extended to the case of Hilbert-Siegel modular 
forms by Lanphier [35] and generalized to the case of Saito-Kurokawa lifts with levels by Brown [14] 
(see also Brown-Pitale [15., Corollary 4.2]). In a different direction, Ikeda [31j proved a lifting from 
5'2fc-2n(SL2(Z)) to S'fc(Sp4„(Z)) whenever k = n (mod 2). The Ikeda lift generalizes the Saito- 
Kurokawa lift. Choie-Kohnen [19] extended Furusawa's result on algebraicity of ratios of Petersson 
norms to the setup of the Ikeda lift. If / € 5'2fc_2n(SL2(Z)) is a normalized Hecke eigenform 
and F £ S'fc(Sp4„(Z)) is its Ikeda lift, then the result of Choie-Kohnen implies that the quantity 

IS an algebraic number. 

Other results on algebraicity of period ratios include Shimura's work [55] on forms related by the 
Shimura correspondence and Furusawa's result [23] on the holomorphic base change lift for GL(2). 
The results of Raghuram and Shahidi [45j on period relations for cusp forms on GL„ also lie in 
this category. Yet another example — perhaps more fundamental than any of the ones described 
so far — is provided by the algebraicity of the ratio of Petersson norms of two Siegel cusp forms 
that are Hecke eigenforms with equal eigenvalues at all but finitely many primes. This result is due 
to Garrett [26] when the eigenvalues generate a totally real field while the more general result is 
proved in this paper (Corollarv I3.19p . 



1.2. A brief overview of Yoshida lifts. The results quoted in the previous subsection are all of 
the following type: given an (arithmetic) automorphic form on some group G that is constructed 
by lifting form(s) on a (possibly different) group, the ratio of some appropriate powers of their 
Petersson norms is algebraic (up to multiplication by a power of vr) and behaves nicely under the 
action of Aut(C). For G = GSp4, the prototypical example of this phenomenon is provided by the 
Saito-Kurokawa lifts. As described above, the algebraicity result in this case is due to Furusawa 
with later generalizations by various other people. 

By dH), the L-function of a Saito-Kurokawa lift has the property that it factors into a product 
of simpler L-functions. There is another class of arithmetically significant forms on GSp4 with 
the same property. Such forms come from endoscopic representations and are classically known as 
Yoshida lifts. The main result of this paper is an algebraicity relation involving Petersson norms 
for these lifts. Formally, our relation turns out to be identical to the one for Saito-Kurokawa lifts. 

Let us explain in more detail what a Yoshida lift is. We warn the reader that the definition of 
Yoshida lifts below may appear different than in some other works (such as |10j or |51j): however, 
we will show in Section H] that our definition is equivalent to the classical definition whenever the 
latter is applicable. Let / E Ski{Ni,xi), 9 G •S'/cj (-^^2, X2) be classical holomorphic newforms where 
the weights ki, k2 are both at least 2. We assume that the characters xii X2 are associated with 
the same primitive characteJl, and that / and g are not multiples of each other. Let vr/, vr^ be the 
irreducible cuspidal representations of GL2(A) attached to f, g respectively (see [27]); note that 
TTf, TTg have the same central character. Let F be a non-zero scalar valued holomorphic Siegel cusp 
form of degree 2 with respect to some congruence subgroup of Sp4(Q) (see Section [2^ . We say 
that F is a Yoshida lift associated to the pair {f,g) if the following conditions are met: 

(i) The adelizatiorjl of F generates an irreducible cuspidal automorphic representation vTi;' of 
GSp4(A). 

(ii) The local L-parametei|j for ttf^^ at each place v is the direct sum of the L-parameters for 

TTf^y and TTg^v. 



'In the literature, this is sometimes referred to as xi a-nd X2 being co-trained. 
'See Section [3.31 for further details on this. 
'See Section [4. II for further details on this. 
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We remark that Condition ^ automatically implies that F is an eigenfunction of all the local 
Hecke algebras outside a finite set of primes (see Proposition 13. lip . We also remark that Con- 
dition (jn]) says that the Yoshida lift is a special case of Langlands functoriality, coming from the 
embedding of dual groups 

(2) {{91,92) e GL2(C) X GL2(C) I det(<7i) = det(52)} GSp^{C), 

^ \ 

h' 

d 

d'j 

Furthermore Condition ([n]) implies that for any irreducible cuspidal representation vr of GL„(A), 
we have an equality of global standard times spin L-functions 

(3) L(s,7r X T[p) = L{s,-K X -Kf)L{s,-K X TTg). 

Note also that our assumption that ttj, ttq have the same central character is essential, for 
otherwise the direct sum of their L-parameters cannot be an L-parameter for GSP4. 

It is worth asking when Yoshida lifts exist. Thankfully, a complete answer is available: /, g as 
above have a Yoshida lift (i.e., a scalar valued holomorphic Siegel cusp form of degree 2 satisfying 
the two conditions above) if and only if both the following conditions are met: 

(i) The integers ki and k2 are even, and at least one of them is equal to 2. 

(ii) There is a prime p such that ttj, vr^ are both discrete series at pJl 

Furthermore, one can show that whenever a Yoshida lift exists, it must have weig ht ^ + 1 (if 
we assume /c2 = 2). We refer the reader to Section [4.11 for further details on all these facts. 

Remark 1.1. Incidentally, the isomorphism class of tt^ is not uniquely determined by /, 5. In fact, 
if T 7^ is the set of finite places where ttj, vr^ are both discrete series, then the various possible 
Yoshida lifts of (/,(?) in the above sense give rise to 2*"^"^ inequivalent cuspidal representations of 
GSp4(A) all of which lie in the same global L-packet; see Theorem O 

The theory of such lifts was initiated by Yoshida in [6IJ. Classical Yoshida lifts have been studied 
extensively by Bocherer and Schulze-Pillot [9l [lOl [TTl [12] . We also refer the reader to [51] for a 
representation theoretic treatment of the classical Yoshida lifting. In all these works, the Yoshida 
lifts were constructed with respect to a Siegel congruence subgroup of square- free level for Sp4(Z). 
Our definition of Yoshida lifts in this paper allows for the lift to be defined with respect to an 
arbitrary congruence subgroup of Sp4(Z)lj An advantage of our present approach is that we do 
not need to place the additional hypothesis on f, g (namely that their levels be squarefree, their 
characters be trivial, and their Atkin-Lehner eigenvalues coincide at all places) that are necessary 
if one demands that the Yoshida lift be with respect to a Siegel congruence subgroup of Sp4(Z) of 
square- free level. In Section HI we prove various technical facts about Yoshida lifts and the related 
notions of "weak Yoshida lifts" , "Yoshida spaces" , and "weak Yoshida spaces" . 

It seems appropriate to point out here that on the automorphic representations side, an essentially 
complete account of Yoshida liftings was given by Brooks Roberts [47] using global theta lifts; see 
also the paper of Ichino-Ikeda [3 01 Sec. 8]. Our thrust here is slightly different. What we do 
in Section 14.11 is to use the results of Roberts, along with the theory of "adelization" and "de- 
adelization" (developed in detail in Section [3]) to give an equally complete account of Yoshida 
liftings on the Siegel cusp forms side. The fundamental result which makes this passage possible is 

^Any such prime must divide gcd(A^i, 7V2); in particular A'^i and N2 cannot be coprime. 

^We will prove in Proposition 14.61 that the definition of Yoshida lift in this paper coincides with the classical 
definition whenever /, g have squarefree level and trivial central character and the lift is defined with respect to a 
Siegel- type congruence subgroup of Sp^{Z) of square- free level. 
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Theorem [21 which asserts that any cuspidal representation of GSp4(A) with the correct archimedean 
component contains a vector in the image of our adehzation map. 



1.3. The main result. Let / € S2kiNi,Xi)j 9 ^ S2{N2,X2) be classical holomorphic newforms 
which satisfy the conditions for a scalar valued Yoshida lifting. In other words: / is not a multiple 
of the characters xi and X2 are associated to the same primitive character, and there is a prime 
p such that vTj, iTg are both discrete series at p. Let F € Sk+iiX) be a Yoshida lift of (/, g) where 
r is a congruence subgroup of Sp4(Z). Define Petersson inner products as follows: 

^^'^^ = vnirr In \\m\ / \9{z)\^dxdy, 

vol(i o(.JV2j\Mj Jro(Af2)\H 

(/,/) = / / \f{z)\W^-^dxdy, 

vol(ro(iVi)\IHI) 7ro(iVi)\H 

= \ / \F{Z)\\detYf-HXdY. 
vol(r\ll2) 7r\H2 

Above, we have normalized the Petersson inner products so that they are independent of the 
choice of congruence subgroups for the various forms. We now state a variant of our main result. 

Theorem [7]A.. Let f E S2ki^i,Xi)? 9 ^ 'S'2(-^2)X2) be newforms that satisfy the conditions for a 
scalar valued Yoshida lifting. Let F be a Yoshida lift of {f,9)- Suppose, further, that k > 6 and 
that all the Fourier coefficients of f, g and F are algebraic numbers contained in some CM field. 
Then 

7r2(F,F) 
— — — - € O, 
(/,/) ^' 

and moreover, for a G Aut(C), we have 

'tt^{F,F)\ 7r2('^F,'^F) 

a ' 



if J) J i'^f^'^f) 



The stipulation that / and g have CM algebraic Fourier coefficients is automatically met whenever 
their first Fourier coefficients are normalized to be equal to 1. The condition that F has CM 
algebraic Fourier coefficients does not lead to significant loss of generality either. This is because, 
given any /, g as above satisfying the conditions for a scalar valued Yoshida lifting, one can always 
find a Yoshida lift of {f,g) with CM algebraic Fourier coefficients. In fact, much more is true: 
given any Yoshida lift F of {f,g), one can always find another Yoshida lift F' of {f,g) such that F 
and F' generate the same cuspidal automorphic representation and the Fourier coefficients of F' 
are contained in the CM field generated by the Hecke eigenvalues of / and g. See Theorem [6] for 
further details. 

We note here that the main result of this paper (Theorem [7]) is quite a bit stronger than the 
variant (Theorem [3^) that was stated above. Indeed, Theorem [7] applies to any F that lies in the 
weak Yoshida space attached to f,g. The weak Yoshida space is the vector space consisting of all 
scalar valued Siegel cusp forms whose adelizations lie in the weak endoscopic space attached to / 
and g (see Section 14.21 for more details). All Yoshida lifts as defined above are members of the 
weak Yoshida space; moreover, if one assumes a special case of Langlands functoriality, then one 
can show that the weak Yoshida space is precisely the space spanned by all the Yoshida lifts (see 
Section I12D. 

Let us say a few words about the proof of Theorem [7] (and it's weaker variant Theorem [71^) . 
The proof proceeds via the path of algebraicity of special L- values of a certain degree 8 L-function. 
The main idea is to introduce an auxiliary classical newform h and consider the GSp4 x GL2 L- 
function for irp x T^h- The theorem is deduced by combining special value results for this L-function 
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due to Morimoto |38j with special value results for the Rankin-Selberg L-function on GL2 x GL2 
due to Shimura [53]. We remark that our proof gives further evidence of the connection between 
period relations on functorially related automorphic forms and special value results in the spirit of 
Deligne's conjecture. We also remark that in the special case of classical Yoshida lifts of squarefree 
level (with respect to a Siegel-type congruence subgroup), Theorem [7]A can also be derived from 
an inner product formula proved by Bocherer and Schulze-Pillot [lOj and generalized by Bocherer- 
Dummigan-Schulze-Pillot [8j . 

1.4. Further remarks. There is a well-known procedure [27] for associating an automorphic repre- 
sentation of GL2(A) to a classical (elliptic) modular form. In Section [3l which has a semi-expository 
flavour, we explicitly describe an analogous procedure for attaching automorphic representations 
of GSp2„(A) to (scalar- valued) Siegel cusp forms for arbitrary congruence subgroups of Sp2„(Z)fl 
We also show, using a recent result of Roberts and Schmidt [3H|, that every cuspidal automorphic 
representation of GSp4(A) with the right component at infinity can be obtained from a suitable 
Siegel cusp form of degree 2 (see Theorem [2] for the precise statement). These ideas are used 
in Section 13.41 to prove various arithmeticity properties for Siegel cusp forms. They are also the 
foundation for Section IH where we give a representation-theoretic account of Yoshida liftings of 
arbitrary level and prove various properties of these lifts. In the interest of exposition, and keeping 
in mind certain future projects, we have developed the theory in Sections [3] and H] further than 
needed for the main result of this paper. In fact, several of the basic results stated therein do not 
seem to exist in an equivalent formulation elsewhere. We hope that these parts of the paper will 
be of independent interest to researchers working in the area. 

We have restricted to scalar valued Yoshida lifts in this paper. However, a fuller treatment 
should include the case of vector valued forms. One reason we restrict to the scalar valued case is 
for simplicity; the other is that Morimoto's special value result for GSp4 x GL2 (quoted here as 
Theorem |9]) , which is a key ingredient for the proof of our main result (Theorem [7]) , is currently 
available only for scalar valued Siegel cusp forms. If his result can be generalized to include the 
case of vector valued forms, then our main result will extend to the case of vector valued Yoshida 
lifts (which occur when neither of the classical newforms /, g being lifted has weight equal to 2). 

Finally, it seems apt to mention a certain lifting from classical newforms that produces arith- 
metically significant Siegel cusp forms of degree 2 which are neither of Saito-Kurokawa type, nor 
of Yoshida type. This is the symmetric cube lift constructed by Ramakrishnan and Shahidi [46]. 
If / is a classical newform and F is its symmetric cube lift, then there is good reason to believe 
that there exists an algebraicity result for (see [29l Conj. 3.3]). The methods of this paper 

do not apply easily in that situation and a more "motivic" approach seems to be necessary; this is 
the subject of current investigation in collaboration with A. Raghuram. 

1.5. Acknowledgements. I would like to thank Ralf Schmidt for some illuminating discussions 
about adelization. I would also like to thank Paul Nelson, Ameya Pitale, and A. Raghuram for 
helpful comments on an earlier version of this manuscript. 

2. Notations and some basic results for Siegel cusp forms 

2.1. Notations. The symbols Z, Q, M, C, Zp and Qp have the usual meanings. We let A = ^'^Qv 
denote the ring of adeles over Q and Aj = 0pQp the subring of finite adeles. The phrase "almost 

'''in the case of elliptic modular forms, there is no loss of generality in restricting oneself to congruence subgroups 
of the form Fi (TV) but for Siegel modular forms of higher degree it is really necessary to consider various types of 
congruence subgroups. 
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all" will mean "all except for finitely many" . Given a Dirichlet character we let cond(x) denote 
the conductor of x s-nd we define the Gauss sum 



cond(x) 

G(x) = G(xo)= E XoNe2™/A^, 



n=l 



where xo is the primitive Dirichlet character associated to x- Given a family of subfields {Fx} of 
C, we let Fx denote their compositum in C. We let Q*'' denote the compositum of all totally 
real number fields and we denote Q*-^^ = It is well-known (see, for instance [SU]) that 

is the compositum of all CM fields and that any number field that is a subfield of Q*-"*^ is either a 
CM field or a totally real number field. 

For any commutative ring R and positive integer n, let Mn{R) denote the ring of n by n matrices 
with entries in R and GL„(i?) denote the group of invertible matrices. If ^ G Mn{R), we let 
denote its transpose. We let Mi^"^(R) denote the additive group of symmetric matrices in Mn{R)- 
Let In denote the n by n identity matrix. Denote by Jn the 2n by 2n matrix given by 



/„ 

-In / • 



Define the algebraic groups GSp2„ and Sp2„ over Z by 

GSp2„(i?) = {g e GL2„(i?) | g^Jng = M9)Jn, Mg) e R""}, 

SP2n(-R) = {5 e GSp2„(i?) I fln{g) = 1}, 

for any commutative ring R. Throughout this paper, we let the letter Gn denote the group GSp2„. 
If S is any subring of M, we let Gn{S)~^ denote the subgroup of Gn{S) consisting of elements with 
f^n{g) > 0. We let Koo denote the standard maximal compact subgroup of ^^(M)"'" given by 

^00 = I f ^ V GL2„(M), AA' + BB' = /„, AB' = BA' 



^ ^ -B A^ 

The Siegel upper-half space of degree n is defined by 

Un = {Z e M^y"'(C) I Im(Z) is positive definite}. 

We will often write Z = X + iY where X and Y lie in M^^™(M). The group G„(M)+ acts on M„ 
via 

gZ ■.= {AZ + B){CZ + D)-^ for g = (^^ G G,(M)+, Z € E[„. 

We let J{g, Z) = CZ + D. For any positive integer A^, define 

(4) r(")(iV) :={5GSp2„(Z) |5^/2„ (modiV)} 
and 

(5) r(")'*(iV) := 1^ G Sp2„(Z) I g = ^ (mod N), for some a G (Z/AfZ)^.| 

We say that a subgroup F of Sp2„(Q) is a congruence subgroup if there is an integer such that 
F contains F(")(A^) as a subgroup of finite index. 
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2.2. Siegel cusp forms. Given a congruence subgroup T of Sp2„(Q) and a positive integer k, let 
5fc(r) denote the space of holomorphic functions F on ]H[|^ which satisfy the rGla-tion 

(6) F(7Z) = det(J(7,Z))'=F(Z), 7Gr,ZGEI„, 

and vanish at all the cuspsH It is well-known that S^iX) is a finite-dimensional vector space for 
each k, T. The integer n is called the degree of the Siegel cusp form F. We denote 

r 

where F varies over all congruence subgroups of Sp2„(Q). Note that sj^^ = IJAr>i Sk(r^"'\N)). 

Given any primitive Dirichlet character x and any integer A'^ such that cond(x)|-^^, let Sk(X^^')'*{N), 
x) denote the subspace of Sk(T^'^\N)) consisting of those F which satisfy 

(7) F(7Z) = x-H^) det( J(7, Z))>'F{Z) 

'^^^ ' (mod N). For any primitive Dirichlet character X: we denote 



for7GFW'*(iV), 7^( . 

(8) 4"^(x) = U^^(r^"^'*(^)>x) 

N 

where the union is taken over all N that are multiples of cond(x). 

Lemma 2.1. (i) For each N, we have 5'fc(F(")(iV)) = e^5fc(F(")'*(iV), x) wh ere the direct sum 
is taken over all primitive Dirichlet characters whose conductor divides N . 

(ii) We have 5'|."^ = ©x'^fc"^(x) where the direct sum is taken over all primitive Dirichlet char- 
acters. 

(iii) Sj^\x) + {0} implies that x(-l) = (-1)"'=. 

Proof. The first assertion follows from Fourier analysis on the finite abelian group 

F(")'*(iV)/F(")(Ar) 

= (Z/NZ)^ . The second assertion follows immediately from the first using ([8]). The third assertion 
follows by putting 7 = —hn in ©• 

□ 

(n) 

Now, let -F G 5"^ . We have the Fourier expansion 

F{Z)= a{F,T)e^^'^'^^ 

T€MT'\Q) 

where the Fourier coefficients a{F,T) are zero unless T is inside a lattice of the form -^M^-^™(Z). 
For any subfield L of C and any congruence subgroup F of Sp2„ (Q) , we define the L-vector space 

(9) Sk{r; L) = {Fe Sk{T) : a{F, T) G L for all T € ^^^^'"(Q)}. 
It is a fairly deep fact [581 P- 67-74] that 

(10) 5,.(r(")(iV)) = 5fc(r(")(iV);Q) 0C. 

It follows that given any a € Aut(C) and F S there exists an element ^F € S^"^ whose Fourier 
expansion is given by 

(11) '^F(Z)= Yl ^(«(i^,r))e2-TrTZ^ 



For a precise formulation of this cusp vanishing condition, see [221 1.4.6]. 
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and moreover, if F e 5fc(r(")(7V)) then °F G 5fc(r(")(iV)). If L is an algebraic extension of Q of 
infinite degree and F G Sk{T^'^\N); L), then F actuahy belongs to S'fe(r(")(A^); L') where V is a 
suitable number field contained in L. 

[n] 

Given F, G G we define their Petersson inner product as follows: 

where F is any congruence subgroup such that F and G both belong to 5fc(r); note that our 
definition is independent of this choice. One can check easily that the various subspaces s'^^\x)j 
as X varies over primitive Dirichlet characters, are pairwise orthogonal under the Petersson inner 
product. 

Finally, we introduce another notation specifically for classical (i.e., degree 1) cusp forms. If k 
and are positive integers and x is a Dirichlet character mod A^, we define Sk{N,x) cts follows: 

Sk{N,x) = sl^\x')nSk{Ti{N)), 

where x' is the primitive Dirichlet character associated to x a-iid 

ri(iV) := |5GSL2(Z) I 5^ (J*) (modiV)|. 

This definition of Sk{N,x) coincides with the one commonly used when talking about classical 
holomorphic cusp forms. An element / in S^^ is called a "classical holomorphic newform of weight 
k, level A^, character x" if / belongs to Sk{N,x)j is an eigenfunction of all the Hecke operators, 
and is orthogonal to all forms of the form g{dz) with g G Sk{N',x) and d, N' arbitary integers 
such that cond(x)|A^'|A^, A^' ^ N, d\{N/N'). We refer the reader to @] and [36] for further details 
on classical newform theory. 



3. Adelization and de-adelization 

In this section, which may be of independent interest, we explicitly describe the procedure of 
attaching cuspidal automorphic representations of G„(A) to elements of -S"^"^- A novel feature of 
our treatment below is that we do not put any restriction on the level of the Siegel cusp forms, 
despite the lack of a good newform theoryU We also go on to prove some arithmeticity results 
involving Fourier coefficients and Petersson norms of Siegel cusp forms. 

(n) 

3.1. The adelization map. Let F be an element of Sf, . Let A^ be any integer such that F G 
S'fc(F(")(A^)). For each prime p, define a compact open subgroup Kp of G„(Zp) by 



= \ge G„(Zp) \g=l " ) (mod A^), a G 



Note that our choice of Kp satisfies the following properties: 

• Kp = GnC^p) for all primes p not dividing A^, 

• The multiplier map /i„ : Kp i-^ Zp is surjective for all primes p, 

. FW(Ar) = GnmnGnm-^UpKp- 



^However, for a detailed explanation of adelization for the full level case, including vector valued Siegel modular 
forms of any degree, we point the reader to the paper [3] by Asgari and Schmidt, a work that has influenced the 
treatment here. 



By strong approximation for Sp2„, one has 

G„(A) = G„(Q)G„(M)+ JjKp^. 

p 

Write an element g G Gn{^) as 

9 = 9Q9ookf, 9Q G Gn{Q),goo G G„(M) + , /cj G JJKj 



N 
P ' 



and let the adelization of F be the function on G„(A) defined by 

^f{9) = /Wn(5oo)^ det{J{goc,iIn))~''F{goo{iIn))- 

This is well defined because of the way the groups Kp were chosen. Furthermore, it is independent 
of the choice of By construction, it is clear that ^pihg) = ^Fi9) for all h G Gn{Q),9 G 

G„(A). It is also easy to see that the mapping F is linear. In the next few pages, we 

explicate various additional properties of this mapping. 

Let Z denote the center of G„. For any unitary Hecke character x of Q^\A^, let L^(G„(Q)\G„(A), 
x) denote the Hilbert space of measurable functions <^ on G„(A) satisfying the following properties: 

(i) ^hg) = ^g) for ah /i G G„(Q), 5 G G„(A), 

(ii) ^zg) = xizMg) for aU z G Z{A), g G G„(A), 

(iii) /z(A)G„(Q)\G„{A) \'^i9)\^d9 < 00, 

Let Lg(Gn(Q)\G„(A),x) denote the closed subspace of L2(G„(Q)\G„ {A),x) consisting of all 
<!> G L2(G„(Q)\G„(A),x) satisfying 

/ ^{ng)dn = 

JN(Q)\N{k) 

for each g G Gn{A), and each unipotent radical N of each proper parabolic subgroup of Gn- 
The space 

Ll{Gn{Q)\Gn{^),x) is called the cuspidal subspace of L2(Gn(Q)\G„(A), x)- We let 
Gn{A) act on L^(Gn(Q)\G„(A), x) via the usual right-regular representation; this action leaves the 
subspace -Lq(G„(Q)\G„(A), x) invariant. 

Define an inner product on L^(G„(Q)\G„(A), x) via the equation 

(12) (<D,,cD,)= ^ / ^^{g)^dg 

voi(Z ( A j G„ (dj) j \G„ ( A j j Jz{A)G„ (Q)\G„ (A) 

where dg denotes the quotient measure induced from any Haar measure on Gn(A); our definition 
is independent of this choice. 

Let be defined as in [3', p. 189]; it denotes a certain space of differential operators acting on 
the space of smooth functions on Gn(IR)'''. For any primitive Dirichlet character X; or equivalently, 
any unitary Hecke character x of Q^\A^ of finite order, let V^^\x) denote the space of functions 
<I> on Gn (A) such that 

(i) «>GL2(G„(Q)\G„(A),x). 

(ii) <^{gkoo) = det{J{koo,iIn)r''^(.9) for all k^o G i^oo- 



-'^'-'it is worth noting that this construction is not completely canonical. For instance, we could have as well chosen 
Kp to be the group of matrices congruent to ^ ^ ^ (mod A*') and gotten another notion of adelization F n- $j? 
which will not in general coincide with ours. 



(iii) The function viewed as a function of G„(M)''', is smooth and satisfies the differential 
equation pJ^ • $ = 0. 



(iv) There exists an integer N such that ^(gk^) = ^{g) for all G Ilp-^p 

It can be checked easily that V^"'\x) 7^ {0} implies that Xoo(— 1) = (— 1)"*^. 

We define V^^'^ to be the subspace of functions ^ on Gn(A) that can be written as $ = Yli=i 
with $i G Vt\x^) for some Xi- Thus, we have the direct sum decomposition V^""^ = ®x^^"^(^)- 
Since we have equipped each space -LQ(Gn(Q)\G„(A), x) with an inner product, this naturally 
turns the space Vj"^ into an inner product space where the various subspaces V^'^^ (x) are pairwise 
orthogonal. Note that V^'^^ is not closed under the right-action of G„(A) or even under that of 
G„(Af). We remark that all elements of V^""^ are {Koo Yip G„(Zp))-finite in the sense of [TB, p. 299]. 



Remark 3.1. It is possible to define V^"^^ without any reference to the subspaces vl^\x)- Indeed, 
V^""^ consists of the space of functions <I> on Gn (A) that satisfy 

(i) = $(5) for aU h£Gn{Q), g£ G„(A), 

(ii) /7v(Q)\Ar(A) ^{'n'g)dn = for each g G Gn(A), and each unipotent radical of each proper 
parabolic subgroup of Gn- 

(iii) ^> is invariant under the action of Z(M+) ~ and generates a finite dimensional space 
under the action of Z(A) ~ A^ 



^) /z(R+)G„(Q)\G„(A)l^(5)l^t^5<0O, 

v) <^{gkoo) = det{J{koo,iIn))'''^(.g) for all k^o G K, 



00 ■ 



(vi) The function viewed as a function of G„(M)"'", is smooth and satisfies the differential 
equation • $ = 0. 



(vii) There exists an integer N such that ^(gk^) = ^(g) for all k^ G Ilp-^p 



TV 



Definition 3.2. For any F G S"^ , and any prime p, we say that F is p-spherical if there exists 
an integer N such thatp\N and F G Sk{T^'^XN)). 

Definition 3.3. For any $ G V^jf"\ we say that ^ is p-spherical if^{gk) = ^{g) for all k G GnC^p)- 
The following facts follow directly from the definitions: 

(i) If F G then F is p-spherical for almost all primes p. 

(ii) If $ G V^'^\ then $ is p-spherical for almost all primes p. 

(iii) For each prime p, the set of p-spherical elements of sj^^ (resp. V^""^), is a subspace of S^."^ 
(resp. V^"'^). 

3.2. A quick survey of Hecke operators. In this subsection, we define classical and adelic local 
Hecke algebras at the unramified places. Let N be an integer and p any prime not dividing A^. Let 
^ciass,{n) p-component of the classical Hecke algebra for r("')(A^). Precisely, it consists of 

Z-linear combinations of double cosets r*^"^(A^)Mr("')(A^) with M lying in the group Aj,"i defined 
by 

= {9 e GniZip-^r, g . ({^^ ^^(O^^J (mod N)}. 
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Above, Z[p ^] denotes the subring of the rational numbers with only p-powers in the denominator. 
We define multiplication of two elements in 'H'^^^^^'^"''^ in the usual way (see ^71 (11.1.3)]), thus 
converting 'H'^^^'^'^^ into a ring. There is a natural map ijv : 'H^^^^'^'^^ — )• Ji'^^^'^'^^ that is defined 
via rW(A^)Mr(")(Af) ^ r(")(l)Mr(")(l) for each M e aJ,"J^. 

Lemma 3.4. The ring ^^'^'^'^•(") ig commutative and generated by 

T(^){p) = rW(i)diag(i^_^,p_^)rW(i) 

n n 

and the elements 

!;(")(/) = rW(l)diag(l_^,p_^,p2_^ 

n—i i n—i i 

for i = 1, . . . ,n. Moreover, if p is any prime and N any integer not divisible by p, then the map 

/I /Class, (n) o /Class, (n.) • ■ ■ 7 • 

In '■ lip N ~^ 1 ^-^ ^ ''"'^'"'9 isomorphism. 

Proof. Both assertions are fairly well-known. For a proof of the former, see p!] Lemma 3.3]. For a 
proof of the latter, see for instance [1, Thms. 3.7 and 3.23]. □ 

The ring '^'^^^'^^^ j-^as a canonical involution induced by the map 

r(")(i)Mr(")(i) ^ r(")(i)M~ir(")(i) 

for each M € ^^If- We denote this involution by T i-^ T*. 

We now define a right-action of ^^'^'^'^'(") qj-^ space of p-spherical elements of li F £ 
is p-spherical and 

r = r(")(i)Mr(")(i), mgaJ,"\ 

then we let N denote any integer such that p \ N , F Sk{T^"\N)) and define 
(13) {F\kT){Z) = Y,MMi)'f det{J{Mi,Z))-''F{MiZ), 

i 

where the matrices Mj are given by 



(r(")(i)Mr(")(i)) =|Jr(")(iv)M, 



From basic properties of the Hecke algebra (see [H Thm. 3.3]), one can check that the mapping 
F I— )• (F|fcT) given by (fT3|) extends by linearity to a well-defined right-action of 'j-i'^^^'^^^ on the 

p-spherical elements of S^j^\ For any two p-spherical elements Fi,F2 G and any T € 7ip^^'^"'\ 
one has the relation 

(14) (FilfcT, F2) = (Fi, F2\kT*). 

If Pi and p2 are two primes, and Ti S 'Hp^i'^"'\ T2 S Tip^i'^""^ are two Hecke operators, then for 

(n) 

any F € S"^ that is pi-spherical as well as p2-spherical, we have the commutativity relation 

{F\kn)\kT2 = {F\kT2)\kn. 
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Moreover, j^'^^^'^'^) preserves the space of p-spherical elements in Sj^ (x) for each primitive 
Dirichlet character x of conductor co-prime to p. Furthermore, for two p-spherical elements -Fi, -F2 G 
S^\x), and any M G Ap"^\ one has the relation 

(15) (Fi|,,(rW(i)MrW(i)), F2) = xiMM)) (Fi, F2U(rW(i)MrW(i))). 

Proposition 3.5. (i) Let F G Sk(r^"\N)) be an eigenfunction of the Hecke operators T^^\p) 
for a subset of the primes with Dirichlet density greater than 1/2. Then F G S'fc(r(")'*(A^), x) 
for some x- 

(ii) The space Sk{T^"''^'*{N),x) has a basis consisting of eigenforms for all the local Hecke alge- 
bras -^^'^'''''(") yjitfi p I A^. 

Proof. Both assertions follow from the relation (|15p . For the first, we use Lemma 12.11 to write 
F = Yli=i^i where 7^ Fj G Sk{T^"^'*{N),Xi)- Let Xf{p) be the Hecke eigenvalue for the action 
of T^^\p) on F. Then, ([15]) implies that Xi{p) = X{p)/X{p) each 1 < i < k. Hence Xiip) = Xj{p) 
for a subset of the primes with Dirichlet density greater than 1/2. This, by a classical theorem of 
Hecke, implies that Xi = Xj- 

For the second, we use the fact that by (fTSll . the various local Hecke algebras comprise a system 
of commuting normal operators on <S'fc(r(")'*(A^), x) and hence can be simultaneously diagonalized. 

□ 



Next, for any prime p, let Hp denote the unramified Hecke algebra of G„(Qp); this consists of 
compactly supported functions / : Gn(Qp) C which are left and right G„(Zp)-invariant. The 

(n) 

product in TLp is given by convolution 

^ * ^(^^ = .rn](r(7 ]\ I f{xy)g{y-^)dy. 

For any M G Gn{'^[p~^])'^ , we let M G ^p""^ denote the characteristic function of Gn{'^p)MGn{'^p)- 
By linearity, this gives a map T T from ^^^^'^'^'(") iq 'H.^\ We have the following lemma. 

Lemma 3.6. The map T from to U^p^ is a ring isomorphism. 

Proof. This is exactly the content of [3, Lemma 8]. □ 

For each prime p, we have a left action of 'H^'' on the space of p-spherical elements of vl^\ This 
is given by 

Um) = I f{hMgh)dh, f G <!> G Vt\ 

VOl[Gn[^p)) Jg„(Qp) 

where dh is any Haar measure on G„(Qp). If M is the characteristic function of Gn{'^p)MGn{'^p) = 
UiMiGnC^p) where each M, Mi are elements of G„(Qp) and ^ is p-spherical, then one can easily 
verify that 

M^g) = J2H9Mi). 

i 

It is clear that 1-6^^ preserves the space of p-spherical elements in vjl"'^ (x) for each x- 
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3.3. Automorphic representations. In this subsection, we will get to the heart of the adelization 
construction, namely, the link between Siegel cusp forms and local and global representations of 

Theorem 1. The linear mapping F i-^ maps each subspace sl^\x) isomorphically onto y^^\x) 

and hence defines an isomorphism of vector spaces ~ V^^^ . Furthermore, this isomorphism 
has the following properties: 

(i) For each prime p, F is p-spherical if and only if is p-spherical. 

(ii) The bijection F ^ ^p is an isometry, i.e., for all F € 5'^"'*, we have 

{F,F) = {^f,^f). 

(iii) The bijection F ^ ^p is Hecke-equivariant in the following sense: for all p-spherical F in 
S'j^^ and T G npp^"'\ we have $ir|,T- = T<l>p. 

Proof. Let N be an integer such that F G S'fe(r(")'*(7V), x)- It is easy to check that ^p{zg) = 
xiz)^F{g). By fairly standard methods (see [3]) we observe that ^p satisfies the other properties 
defining the subspace V^"'\x)- On the other hand, given ^> G V^"'\x)7 we can define a function F on 
1HI„ via F{Z) = det{J{goo,iIn))^^F{goo) where goo G Sp2„(M) is any matrix such that goc{iIn) = Z. 
Then the properties defining V^^\x) imply that F G S^\x)- This completes the proof that the 
linear mapping F i— > <I>ir is an isomorphism from S'^\x) onto V^"\x)- 

Next, let F G Sk{T^"'\N)) and p any prime. If p does not divide A^, then the right invariance of 
$F by Kp shows that <I>ir is p-spherical. Conversely, let F G Sk{T^'^\N)) and ^p he p-spherical. 
This means that $_p is right-invariant by Gn{'^p)Y[q\N,qjtp Y[q\N Gn{Zq) which implies that 
F G 5fc(r(")(iV/(Af,p°°))). In other words, F is p-spherical. 

To show the isometry, we proceed exactly as in [a p. 188] for each F G 5fc(r(")'*(A^), x); the 
details are omitted. 

Finally, to show the Hecke-equivariance, it suffices to show (because of strong approximation) 
that $FUT* and f<^p agree on G„(M)+. Let F G S'fc(r('')(iV)) and p^N. Because of Lemma[Ml 
we may assume that T = r(")(l)Mr(")(l) where M G A^^j^. By [37* Lemma 2.7.7], we may pick 
matrices Mj in A^"^ such that 

r(")(iv)Mr(")(Af) = |Jr(")(iv)Mi = LjMir(")(A^) 

i i 

and 

i i 

The Hecke-equivariance now follows directly from the relevant definitions. 

□ 

Remark 3.7. Given any $ G V^'^\ the unique function F in 5^"^ whose adelization equals $ is given 
by 

F{Z) = det{ J {goo, iIn))''Hgoc) 
where goo G Sp2„(M) is any matrix such that gooiiln) = Z. The Siegel cusp form F is called 
the de- adelization of <I>. If <I> is fixed by an open compact subgroup of G„(Aji) and we set 
r = G„(Q) fl G„(M)+Kf, then the de-adehzation F of ^> belongs to Sk{T). 

Given any unitary Hecke character x, there is a natural right-regular action of Gni^) on 
Lq(G„,(Q)\G„(A), x)- The space Lq(G„(Q)\G„(A), x) decomposes discretely under this action 
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into irreducible subspaces. We define an irreducible cuspidal representation of G„(A) to be an 
irreducible subspace of ®vLn(G'n(Q)\G'n(A), x) (with the direct sum taken over all unitary Hecke 
characters x)- So, by our definitioivH. an irreducible cuspidal representation (i) comes with a spe- 
cific realization as a subspace of Lq(G„(Q)\G„(A), x) for some Xi ^^'^ (h) is unitary. If vri and 

are two irreducible cuspidal representations, we use tti = to denote that they are the same 
irreducible subspace while we use the notation vri ~ 7^2 to denote that vri and it2 are isomor- 
phic as representations of G'n(A) (but their embeddings in LQ(Gn(Q)\G„(A), x) may differ). The 
multiplicity-one conjecture for G„ (which is still open) predicts that tti ~ tt2 implies vri = '^2- 

Let F E S'j^^ and ^ ^^"^ be its adelization. Then $f generates a representation vri;' of Gn(A) 
under the natural right-regular action of G„(A) on vectors in 0^ Lq(G„(Q)\G„(A), x)- Any such 
TTp can be written as a direct sum of finitely many irreducible cuspidal representations of G„(A). 
The next few propositions deal with various properties that this correspondence between F and irp 
satisfies. We are particularly interested in the case when irp is itself irreducible. We recall here that 
any irreducible cuspidal representation vr of Gn(A) is factorizable, i.e., we have an isomorphism of 
representations vr ~ (8>(,7rt,, where each ttv is an irreducible, unitary, admissible representation of 

Let us briefly describe the representations of Gn(M) that are relevant for our purposes. For each 
positive integer k, let tt^"^ be the irreducible representation of Sp2„(M) constructed in [HI Sec. 3.5]; 
it is a lowest weight representation. Let sgn denote the sign character from to ±1. It is known 
that TT^^ extends uniquely to an irreducible representation of G„(IR) with central character sgn"'^. 

(n) (n) 

We denote this irreducible representation also by vr^ . If A; > n, vr^ is a holomorphic discrete 
series representation, and if A; = n, it is a limit of discrete series representations. 

Proposition 3.8. Let F G sj^^ and irp be the representation of G„(A) generated by ^p- Let 
tt'p ~ ^'yTTp^ be any irreducible subrepresentation of Tip. Then, 

(1) ^F,oo~n ' 

(ii) The projectior^ of^p on the space ofir'p maps under the isomorphism ir'p ~ t^^^^ '^{®'p'^'p p) 
to a vector of the form (p^o <^ « where (p^o is the unique ( up to multiple ) lowest weight vector 

(n) 

Proof. The proof is essentially identical to that of [3, Thm. 2]. The vector <I>i7' is sent to a vector 
in tt'p^ with the properties listed in [3, Lemma 11]. But there is a unique representation of G„(M) 

(n) 

containing a vector with this properties, namely the representation vr^ described above. □ 

Next, we describe the unramifled principal series representations at the finite places. For further 
details about the facts below, we refer the reader to l3j. Let XO; Xi; • • Xn be unramified characters 
of Qp . Each tuple {to,ti, . . .tn) S (Qp)"^^ gives an element diag{ti, . . .tn,toti^ , . . .tQt~^) of the 
standard maximal torus in G„(Qp). Thus, the tuple (xo; Xi; • • •> Xn) defines a character on the Borel 
subgroup of Gn(Qp) which is trivial on the unipotent component. Normalized induction from the 
Borel yields a representation of Gn(Qp) which has a unique subquotient representation containing 
a G„(Zp)-fixed vector (such representations are called spherical). We denote this subquotient 
representation by vr(xo) Xi;---) Xn)- All spherical representations are obtained this way. The 



-'^^Note that our definition difi^ers slightly from some other works, such as [13| . 

"'^■^There is no canonical projection from ttf to tt^ if the latter occurs in the former with multiplicity greater than 
1 (although, it is conjectured that this cannot happen); in that case we fix any direct decomposition of the isotypic 
component of n'p into irreducible subspaces (taking one of these equal to the space of n'p) and take the resulting 
projection from ttf to n'p. 
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isomorphism class of 7r(xoi Xi)---) Xn) depends only on the tuple {xo, Xii---> Xn) modulo the 
action of the Weyl group W. 

The central character of vr(xo) Xi) • • -i Xn) equals XoXi ■ ■ ■ Xn- The representation it{xo, XIj • • •! 
Xn) contains, up to multiples, a unique G„(Zp)-fixed vector. Putting bi = Xi{p)j we see that 
the representation 7r(xoi Xi)---i Xn) is determined by the Satake parameters {bo,bi, . . . ,bn) € 
(C*)'^'^^ /W . Thus, we get a one-to-one correspondence between spherical representations of Gn{Qp) 
and the space (C*)"^^/VF. Note that if n = 1, our convention for Satake parameters differs from 
the standard one for GL2, because we have identified with the maximal torus in GL2(Qp) in a 
slightly non-standard manner. The representations vr(xO) Xi) • • Xn) for which each = 1 are 
called tempered unramified principal series representations. 

(n) 

Proposition 3.9. Let F € S*^ andp be a prime such that F is p- spherical and is an eigenfunction 
for T^'^\p) and T^^\p'^) (i = 1, . . . ,n) with eigenvalues X^"'\F,p) and x[^\f,p'^) respectively. Let 
TTF be the representation o/Gn(A) generated by and ir'p ~ ^'^Tr'p^ be any irreducible cuspidal 
representation that occurs as a subrepresentation ofirp- Then 

(i) T^'pp is an unramified principal series representation of Gn{Q.p) whose Satake parameters 

are determined uniquely by \^"'\F,p) and X^"'\f,p'^). 

(ii) The projection of^p on the space ofn'p maps under the isomorphism n'p ~ 7r^p(8'(®^_^p7r^^) 
to a vector of the form (pp® a where <j)p is the unique (up to multiples) spherical vector in 
^'f,p- 

Proof. Because F is p-spherical, so is ^p; this follows from Theorem [TJ It follows by the discussion 
above that the local component at p of every irreducible subrepresentation of irp is a spherical 
representation that is determined uniquely from the Hecke eigenvalues of F. The second assertion 
of the Proposition is a direct corollary of the fact that $ is p-spherical. □ 

Remark 3.10. It is possible to write down explicitly the Satake parameters at p in terms of the 
Hecke eigenvalues X^^\F,p) and xf^\F,p'^) (for i = 1, . . . ,n), and vice- versa. For example, we have 

(16) X^-)(F,p)=p^bo Yl b,,...b,^, 

l<ii<...<ir<n 



(17) AW(F,p2) = 62^,...6^. 

Proposition 3.11. The following are equivalent: 

(i) F is p-spherical and an eigenfunction for -j^^^^'^"-^ Jq^ almost all primes p. 

(ii) // tt'p and n'p are two irreducible cuspidal representations both of which occur as subrepre- 
sentations of Tip, then TTp^ ~ vr^^ for almost all primes pF^ 

Proof. Suppose that F is an eigenfunction for fgj- almost all primes p. Then Prop. 13.91 

tells us that ir'pp ~ -Kp^ for all such p. Conversely, if the second assertion of the Proposition holds, 
let S" be a set of places including the real place such that if p ^ S" then the local components ir'pp 
of the various irreducible subrepresentations n'p of np are all isomorphic and the projections of ^p 
on these invariant subspaces are all spherical at p. It follows that each of these projections is an 

(n) . (n) 

eigenfunction for Hp with the same eigenvalue. So itself is an eigenfunction for Tip . By the 
Hecke equivariance proved in Theorem [H it follows that F is an eigenfunction for T-Lp^^'^"\ □ 



'This is often referred to in the hterature as n'p and TVp being nearly equivalent. 

15 



Let F G ^ be such that TTp is irreducible^^ Then Prop. [XTn tehs us that F is an eigenfunction 

(n) 

of the local Hecke algebras for almost all primes. Conversely, let F G S*^ be an eigenfunction of 
the local Hecke algebras for almost all primes. If n = 1, then strong multiplicity one for GL(2) 
and Prop. 13.111 together imply that irp is irreducible. But if n > 1 we cannot make any such 
claim. However, if F belongs to S'fc(Sp2„(Z)) and is an eigenfunction of the local Hecke algebras 
for almost all primes, then one can prove that np is irreducible. This fact (which is not true for F 
in Sk{T^"'\N)) when > 1) was proved by Narita, Pitale and Schmidt in a recent work [39], and 
is quite surprising because multiplicity one for such np is an open problem. 

(n) 

Suppose -F G S*^ and irp is irreducible. Then we know that ttf^oo is isomorphic to the specific 
representation vr^"^ mentioned in Prop. 13.81 It is worth asking if every vr with this property is 

(n) 

obtained as irp for some F G . The next result asserts that the answer is yes, at least for n = 1 
and n = 2. Because of its importance, we state this as a theorem. 

Theorem 2. Suppose n < 2. Let vr ~ ^'yi^v be an irreducible cuspidal representation of Gn{^) 
with central character x such that tToo is isomorphic to the representation tt^^ constructed above. 
Then there exists F G sj^\x) such that 

(i) F is p-spherical and an eigenfunction for j^q^ qH primes p where iTp is unramified. 

(ii) TTp = vr. 

Proof. By Theorem [H it suffices to prove that the space Vt^ of vr, considered as a subspace of 
Lo(Gn(Q)\G„(A), x), contains a vector <I> such that a) $ is in V^'^\x), and b) <1> is p-spherical and 
an eigenfunction for T-L^^^ for all primes p where Tip is unramified. 

Fix an isomorphism o" : vr — >■ (Si'^TTy. Let (j)oo be the unique (up to multiple) vector in tTqc — vr^"^ 
that satisfies the properties listed in [3l Lemma 11]. For all primes p where Tip is unramified, let (j)p 
be the unique (up to multiple) spherical vector in vTp. 

Now, let p be a prime where Tip is ramified. To choose (j)p for such primes, we use a relatively 

deep fact, namely that there exists a vector (pp in the space of TTp that is fixed by the subgroup Kp'' 
for some integer Np. If n = 1 this is a well-known result that can be proved as a direct consequence 
of either the existence and uniqueness of Kirillov models or the theory of local zeta integrals (but 
contrary to the assertion of Casselman in [18] , it is not an immediate consequence of admissibility) . 
If n = 2, the existence of such a (j)p follows from the recent work of Roberts and Schmidt [H] on 
the theory of local Bessel models. 

Now, let (/) = 'S>p(l)p'S>(poo and let <I> = (T^^((/)). Then, from construction, $ is in V^"'\x)- Moreover, 
for all unramified p, (pp lies in the one-dimensional space of G„(Zp)-fixed vectors in vr^; it follows 

(n) 

that $ is j?-spherical and an eigenfunction for Tip at such p. Thus, <I> satisfies the desires properties 
mentioned at the beginning of this proof. □ 

Remark 3.12. The author expects that an analogue of the above result holds for all n; a proof will 
possibly involve a close look at either the local Fourier-Jacobi model, or some other nice unique 
model for local representations of G„(Qp). 

3.4. Some results on arithmeticity. We end our treatment of adelization with a brief discussion 
of arithmeticity. Let (a, V^) be an irreducible representation of the group G„(Qp) on a complex 
vector space V. Let r be any automorphism of C and t : V he a r-linear isomorphism. We 

define a representation (Ja, Vt^) of G„(Qp) as follows: set Vrg. = V' and define the action of Gn(Qp) 
on Vr^ by ^cy{g) = t o a{g) o t^^. It is clear that the isomorphism class of '^a does not depend on 
the choice of V' or r. 

-'^^Note that this imphes that F £ S^'^'Cx) where % is the central character of ttf- 
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If Tip is an irreducible, admissible representation of G„(Qp) for some prime p, then we let Q(vrp) 
denote the fixed field of the group of automorphisms r of C for which "^tt^ — Tip. If vr^ ~ ^'pTTp is 
an irreducible, admissible representation of Gn{^f) then we define another irreducible admissible 
representation "^vrj of G„(Af) by "^vrj ~ f^p^vrp. This gives a left action of Aut(C) on the set of 
isomorphism classes of irreducible, admissible representations of G„(Af). We let Q(vrji) denote the 
fixed field of the group of automorphisms r of C for which "^ttj ~ tt^. Clearly Q(7rf) = IJpQ(7rp). If 
TT ~ TToo <8)7rf is an irreducible, admissible representation of Gri(A) then we define another irreducible 
admissible representation "^vr of G„(A) by "^vr ~ tToo tX" ^vr^. 

Proposition 3.13. Let vr ~ (X^vrt, be an irreducible cuspidal representation o/G„(A) such that tToo 

is isomorphic to the representation vr^"^ constructed above. Assume that k > n and nk is even. 
Then 

(i) Q(vrf) is a finite extension of Q and is contained in Q*-"^. 

(ii) For any automorphism t ofC, r(Q(7rf)) = QC^ttj). 

(iii) For any automorphism t of C, there exists an irreducible cuspidal representation of Gn{^) 

(n) 

that is isomorphic to ^vr. Moreover, if F S^. is such that ttf = vr, then we have 

where '^F is defined as in (jlip . 

Proof. The first assertion follows from [6, Thm. 4.4.1]. The second assertion is trivial. The 
last assertion follows from [6l Thm. 4.2.3] where the existence of a certain irreducible cuspidal 
representation ^"^V, isomorphic to '^vr, is asserted for each r S Aut(C). The representation ^"^V is 
constructed by viewing the holomorphic vectors in the space of tt as sections of certain holomorphic 
vector bundles and defining an action of Aut(C) on these sections; see also \38\ Section 3] for a 
fairly explicit description for n = 2 (which is the only case needed for the main results of this 
paper). In the special case vr = irp, when one takes the holomorphic vector to be (an appropriate 
multiple of) ^p, then the action of Aut(C) on this vector is compatible with that on the Fourier 
coefficients of F; this follows from [6l (1.1.3)] (see also [38l equation (34)] for an explicit expression 
when n = 2). This implies that vr-rp ~ ^'^'^np since $i? generates the irreducible representation TTp. 
Since we already have ("^V^? ~ '^ttf, it follows that ttt^ ~ '^vTi?. □ 

Remark 3.14. The above proposition gives a left action of Aut(C) on the set of isomorphism classes 

of irreducible cuspidal representations of G„(A) whose component at infinity is equal to with 
k > n and kn even. 

Let S be any subset of the finite places (i.e., primes) of Q. For any irreducible admissible 
representation vr^ = (Xpg^vTp of Gni^s) = (XpgsG'„(Qp), we denote Q{tts) = jJp^zsQi'^p) (put 
^('''"0) — ^i^d we let f denote the set of all finite primes; this makes the above definition 
consistent with the earlier one for Q(7rf). For any congruence subgroup F of G„(Q), and any 
admissible tts as above, we define ^^(F; vr^) to be equal to the subspace of ^^(F) consisting of {0} 
and all those F which have the property that vr^^ ~ vTp for each irreducible subrepresentation ir'p 
oi ttf and each p £ S. Note that whenever the Dirichlet density of S is at least 1/2, the space 
S'fc(F(")(iV); TTs) is contained inside Sk(r^'^^'*{N),x) for some x (with x depending on vr^); this 
follows from Proposition 13.51 By Proposition 13.13] it follows that QiTTs) is a subfield of a CM field 
whenever 5fc(F(")(iV); vr^) / for some k, N, n with k > n and nk even. For any subfield L of C, 
we denote S'fc(F; L, tts) = Sk{T; tts) n ^^(F; L). 

Remark 3.15. Note that Proposition 13.11] can be rephrased as follows: F G 5fc(FW(7V)) is an eigen- 
function of the local Hecke algebras at almost all primes if and only if F belongs to Sk{T^^\N); its) 
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for some subset S of the primes containing almost all primes and some irreducible admissible 
representation vr^ of Gn{^s)- 



Lemma 3.16. Let S be a subset of the primes containing almost all primes and its = ®'p^s'^p 
an irreducible admissible representation of Gn{^s) = ®'p^s^ri{Q.p)- Let N , k, n be positive integers 
such that k>n and nk is even. Suppose that F G Sk{T'^'^\N);Q{-Ks),-Ks) and G € S'fc(r(")(7V)). 
Then for all a € Aut(C), we have 

Proof. We consider two cases. First, assume vrg where "denotes complex conjugation. In this 
case, the field Q(7r5') and hence the Fourier coefficients of are totally real; so (jlSp follows from the 
main result of [26j. Next, we consider the case where tts 9^ ^5- In this case, we note that (F, F) = 
(since their adelizations give rise to disjoint subsets of irreducible cuspidal representations). Put 
Fi = (F + F)/2 and F2 = [F — F)/[2i). Thus, Fi and F2 have totally real algebraic Fourier 
coefficients. Moreover, we have = 2(Fi,Fi) = 2(^2,^2), and (^1,^2) = 0. Finally Fi and F2 

are both eigenfunctions of the local Hecke algebra for the subgroup Sp2„ of Gn at almost all places 
(with the same Hecke eigenvalues); this follows from ()15p . Now the result follows from applying 
the main result of |26) to Fi as well as to F2 and using that F = Fi + iF2. □ 

The following elementary lemma (which is basically Hilbert 90 for GL„) will be used in the proof 
of Proposition 13.181 

Lemma 3.17. Let V be a subspace of C" and L a subfield of C. Then, the following conditions 
are equivalent. 

(i) V has a basis {vi, . . . , Vm} with each Vi (^V Ci L". 

(ii) V is invariant under the action o/Aut(C/L). 

Proof. If V has a basis comprising of elements of L" then it is clear that V is invariant under the 
action of Aut(C/L). To prove the converse, let us start with any subspace V of C". By Gauss- 
Jordan elimination, we can find a basis of V such that the basis matrix is in reduced row-echelon 
form. Concretely, this means that V has a basis {vi,V2, . . . , Vm} where if we write Vi = (f jj)j=i,...,n 
then the matrix B = (vij) has the following properties: 

• The leading coefficient (first non-zero number from the left) of a row is always strictly to 
the right of the leading coefficient of the row above it. 

• Every leading coefficient is 1 and is the only nonzero entry in its column. 

Let 1 < i < m and r € Aut(C/L). Then by assumption, r(uj) = Y^jLi'^j'^j ^or some complex 
numbers cj. Looking at the leading coefficient of Vi we see that Cj = 1. Moreover, if cj 7^ for 
some j i, then by considering the leading coefficient of the jth row we deduce that Cj = 0. Thus 
T{vi) = Vi for all T € Aut(C/-L). Since r was arbitrary and i was any integer between 1 and m, 
it follows that all entries of B lie in L. This completes the proof that the basis {vi, . . . ,Vm} of V 
satisfies the property that each S 1/ n L". □ 

Proposition 3.18. Let S be any set of primes and vrg = '^'p^s'^p irreducible admissible 

representation of Gn{^s) = '^pg5G„(Qp). Let N, k, n be positive integers such that k > n and 
nk is even. Then there is a basis of Sk{T^"'\N);TTs) consisting of cuspforms lying in Sk{T^"'\N); 

QiT^s),TTs). 

Proof. Let r denote the dimension of S'fc(r(")(A^)). Put L = Q(7rs) and let L^ be the subset of C 
consisting of those vectors all of whose entries lie in L. Note that Aut(C) acts on the set by its 
action on each entry. 
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We identify 5fc(r(")(iV)) with by picking a basis of forms with rational Fourier coefficients 
(this is possible by ([TO]) ). Under this identification, Sk{T^'^\N); L) corresponds to L''. Let V be the 
subset of corresponding to Sfc(r(") (N); L, tts) under the above identification. By Proposition l3.13l 
and the linearity of the adelization map, it follows that y is a vector subspace of and the action 
of Aut(C/L) leaves the space V invariant. It follows from Lemma [3. 171 that V has a basis consisting 
of vectors in U; in other words, that S'fc(r(")(iV); vrs) = S'fc(r(")(iV); Q(7r5), vrg) O C. This proves 
the proposition. □ 

We now state our main result on arithmeticityEl 

Theorem 3. Let N, k, n be positive integers such that k > n and nk is even. Let S be a subset 
of the primes containing almost all primes and let 6 = 6s be the set of isomorphism classes of 
irreducible admissible representations its of Gn{^s) such that 5'fc(r(")(A^); tts) ^ {0}. Then there 
exists a direct sum decomposition into orthogonal subspaces 

and moreover, for each tts S S, there is an orthogonal basis {F^^^\ . . . ,Fr^^^} of Sk{T^"'\N);7rs) 
(where r^r^ denotes the dimension of Sk{T^"'\N);TTs)) with the following properties: 

(i) ^) G Sk{r^^\N);q{7rs),7Ts) for each tts £ 6, and 1 < t < r^^. 

(ii) Let a G Aut(C), its € ©• Then r<T^^ = r^^ and for each 1 < t < r^r^, we have "p^'^^^ = 



(iii) // we express F G Sfc(r(")(A^)) in terms of the basis elements F^ 

^ = E Ea(F,F(--V/'^^\ a(F,F(-«)) G C, 

then we have cj(a(F, f/''^^)) = a{''F,Ff'^^'') for all a G Aut(C). In particular, if F e 
5fc(rW(iV);L), then a(F,F/"^)) G Q{7rs)L. 

(iv) For each tt^gS, 1 < t < u < r-j^g, and a G Aut(C), we have 



(19) a 



Proof. The direct sum decomposition into orthogonal subspaces as stated is clear from the defini- 
tions, and the fact that vectors in non- isomorphic irreducible cuspidal representations are orthog- 
onal with respect to the Petersson inner product. 

Now, pick any vrg G © and let {F^^^\ . . . , Fr^^^} be a basis of 5fc(r(")(A^); tts) consisting of forms 
lying in 5fc(r(")(7V); Q{7rs),7rs); this is possible by Proposition EH Then {'^F-f^^\ . . . is 
a basis of S'A;(r(")(A^); '^vr^) consisting of forms lying in 5fc(r(")(A^); Q('^vr5), ""tts). We now apply 
the Gram-Schmidt operation to these bases. Using Lemma |3.16|, this gives us the existence of an 
orthogonal basis of the desired sort for Sk{T^"'\N);TT'g) for all conjugates vr^ = '^tts of vrg in 6. 

We now repeat the above process, as many times as necessary, picking at each stage some vrg G 6 
that has not been dealt with so far. This completes the proof of the second claim. 

The third claim follows directly from Lemma [3. 161 The final claim follows also from Lemma [3.16l 
by putting G = F^^^ + F^^s ^ F = F^^^ in ([E]). □ 

As an easy corollary of Theorem [3l we have the following strengthening of Lemma 13.161 



In the literature, one can find several results similar to Theorem [S] however they all appear to be weaker or less 
general than our formulation in some respect or another. 
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(n) 

Corollary 3.19. Let k, n be positive integers such that k >n and nk is even. Let G G 5^ . 

(i) Suppose that F is an eigenfunction of the local Hecke algebras •j-i'^^^'^'^^ jg^ almost all primes 
p. Assume that there is a constant c such that all the Fourier coefficients of cF lie in (QCM Jl6| 
Then for all cr G Aut(C), we have 

{G,F)\ {"G.'^F) 



{F,F)J 

(ii) Suppose that for almost all primes p, F and G are eigenf unctions of the local Hecke algebras 
^ciass,(n) ^^^^ same eigenvalues. Assume that there is a constant c such that all the 
Fourier coefficients of cF and cG are in Q^^. Then for all a G Aut(C), we have 

^(^{G,G) \ _ {''G,"G) 

In particular, 



{F,F)J {-F,"F) 

{G, G) ^ 
{F,F) 



G 



Proof. Both parts follow immediately by writing F and G in terms of the basis (take S to be the 
set of all primes where F and G are p-spherical and Hecke eigenfunctions with equal eigenvalues) 
obtained in Theorem[3l and then using Remark 13 . 1 5 1 and the fact that cr(x) = cri^) for all x G Q*-"^, 
a G Aut(C). □ 

Remark 3.20. Corollary 13.191 can be regarded as a gentle strengthening of the main result in j26] . 

Remark 3.21. Corollary 13. 191 is not true without the assumption about the Fourier coefficients lying 
in Q*-"^. Counterexamples can be easily obtained by considering forms like Fi + hF2 where Fi and 
F2 are linearly independent forms satisfying the assumption and b ^ Q*-"^. 



4. YOSHIDA LIFTS, WEAK YOSHIDA LIFTS AND ARITHMETIC PROPERTIES 

4.1. Yoshida lifts and Yoshida spaces. Let be a place of Q. Let <l*(G„(Qt,)) denote the set 
of isomorphism classes of admissible homomorphisms (f) : W^^ — ?> where W^^ denotes the Weil- 
Deligne group of Q„ and denotes the dual group of G„. The elements of <1*(G„(Q„)) are called 
L-parameters for G„(Qt,). The dual group ^G^ of Gn is in general an orthogonal group but if n = 1 
or n = 2 then the dual group (by accidental isomorphism) happens to be a symplectic group. More 
precisely ^G? = GL2(C) = Gi(C) and ^G^ = GSp4(C) = G2(C). Thus, if n < 2, then it makes 
sense to talk of the multiplier (similitude character) /i„ of an element of ^G^. 

Let n(Gn(Qt;)) denote the set of isomorphism classes of irreducible admissible representations of 
Gn{Q.v)- Assume henceforth that n = 1 or n = 2. Then the local Langlands conjecture is known; 
see [33l |l7l [25] . Thus, we have a finite-to-one surjectiye map 

(20) L:n(G„(Q„)) ^$(G„(Q^)), n = 1 or 2, 

satisfying certain conditions. Given any irreducible admissible representation tt^ of G„(Qt,), we call 
L{tt^) the L-parameter of vTt,. Two irreducible admissible representations have the same central 
character if and only if their L-parameters have the same multiplier (similitude character) 



Note that this imphes that the Fourier coefBcients of cF generate a number field that is either totaUy real or a 
CM field. 
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We have an embedding of dual groups 

G2(C), 

(a b \ 
a' h' 
c d 
\ d d'J 

By abuse of notation, we identify the pair (51,(72) with its image in G2(C) under the above 
embedding. If (pi and (p2 are L-parameters for Gi(Qt,) with the same simiUtude character, then we 
define their direct sum cpi © (/>2 to be the L-parameter for G2{Qv) given by 

e02)(^y) = {Mw),Mw)). 

The following key result is essentially due to Brooks Roberts [U]; see also the discussion in [25] 
and [511 Sec. 3.2]. 

Theorem 4 (Roberts |47|). Let tti = (Xi^vri.t,, 112 = ®yTr2,v be irreducible cuspidal representations 
of Gi{A). Assume that vri and 1^2 ore non-isomorphic, tempered everywhere, have the same central 
character Xj o^nd that there exist integers ki > k2 > 2 such that vri.oo — t^^^ and 1^2,00 ~ '^ij^- -^^^ 
T be the set of finite places p where iri^p and iT2,p are both discrete series. Then, 

(i) There exists an irreducible cuspidal representation ir = ®^7r^ o/G2(A) with central character 
X such that 

(22) L{-K.fj) = L(7ri_t,) © L(ti2,v) for all places v. 

Any such vr occurs with multiplicity one in Lq(G2(Q)\G2(A), x)- Moreover, the number of 
distinct vr as above equals 2'^'^. 

(ii) There exists an irreducible cuspidal representation vr = (X'^vr^, o/G2(A) satisfying (j22p and 

(2) 

such that vToo — vr^ for some k if and only ifT is non-empty and k2 = 2. In that case, we 
must have k = ki/2 + 10 The set of primes p at which vTp is non-generic is a subset Sj^ 
of T with an odd number of elements. Moreover, the number of distinct n as above equals 
2#'^-i^ corresponding to the subsets ofT with odd cardinality. 

We now define the notion of a Yoshida lift. Let /, g be classical holomorphic newforms of 
some weights, levels and characters. Then, it is well-known that the representations vr/, Hg are 
irreducible (indeed, the stated irreducibility is true whenever / and g are Hecke eigenforms almost 
everywhere; this follows from Proposition 13. 11] and the comments immediately after). Assume that 
the characters of / and g are associated with the same primitive character (equivalently, vrj, -Kg 
have the same central character) x- 

Definition 4.1. Given two classical holomorphic newforms f, g whose characters are associated 

(2) 

with the same primitive character Xj 0, non-zero element F G S*^ is said to be a Yoshida lift of 
{f,g) if TTp is irreducible and 

(23) L{Trp^y) = L{TTf^y) © L{Tig^y) for all places v. 

Note that any Yoshida lift F of {f,g) must be an element of S^. {x) and must also be an 
eigenfunction of -^^'^'^'^'(2) for almost all p; the latter fact follows from Proposition 13.111 



(21) 



{{91,92) G Gi(C) X Gi(C) I ^ll{gl) = ^1(52)} 



a b 
c d 



a' b' 
c' d' 



Note that ^2 = 2 automatically implies that ki is even because / and g have the same nebentypus. 
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Remark 4.2. Let /, g be newforms and F £ he a Yoshida lift of (/, g). Then, for any irreducible 
cuspidal representation vr of GLn(A), we have an equality of local L- functions at each place v, 

(24) L{s,7r^ X irp^y) = L{s,TTy x 7r/^^)L(s, vr^ x vr,,,^^) 

where the local factors are defined using the local Langlands correspondence (if ttf^^ is either generic 
or non-supercuspidal, these local factors can be also defined using the method of Shahidi). 

Combining Theorem |4] and Theorem [21 we immediately deduce: 

Theorem 5. Let f , g be classical holomorphic newforms of weights ki, k2 respectively and char- 
acters xi, X2 respectively. Suppose that 

(i) ki>k2> 2, 

(ii) xi '^^^ X2 o-'^G associated with the same primitive character x, 

(iii) / is not a multiple of g. 

Then there exists a Yoshida lift of {f,g) if and only if both the following conditions are met: a) 

(2) 

k2 = 2, b) TTf^p, TTg^p are both discrete series at some prime p. Any such lift F belongs to 'S'^//2+i(^)' 
Moreover, ifT is the set of finite places p where vri^p and ■n2,p are both discrete series, then all the 
possible Yoshida lifts F of {f,g) give rise to exactly 2*-^"^ distinct cuspidal representations irp 
which are all non-isomorphic to each other. 

Remark 4.3. The above Theorem gives an excellent demonstration of the power of Theorem [2j 
Roughly speaking, Theorem [2] enables us to use existence results for automorphic representations 
to deduce existence of Siegel cusp forms with specified Hecke eigenvalue properties without needing 
to make any explicit constructions. The disadvantage of this approach is that it does not provide 
us with delicate information about the Fourier coefficients or how to properly normalize the cusp 
form without doing significant additional work (these points can become important if one cares 
about integrality questions, congruence primes, etc.). 

Definition 4.4. Given two classical holomorphic newforms f and g, we say that f and g satisfy 
the conditions for a scalar valued Yoshida lifting if 

(i) / is not a multiple of g. 

(ii) The characters of f and g are associated with the same primitive character. 

(iii) One of the weights is equal to 2, and the other is an even integer greater than or equal to 2. 

(iv) There exists a (finite) prime p where vr^ p and TTg^p are both discrete series. 

Remark 4.5. Let / € 5"^^ (A''!, xi), g G Sk2{N2,X2) be classical holomorphic newforms such that 
Xi,X2 are associated to the same primitive character x- Let p be a prime not dividing A^i or 
Then, TTj^p and both unramified principal series representations whose Satake parameters 

can be written down easily in terms of the Hecke eigenvalues A^^)(/,p) and X^^\g,p). There is a 
unique representation Hp of G2(Qp) satisfying 

(25) L{Up) = LiiTf^p) e L(^g,p); 

this representation is an unramified principal series representation with Satake parameters related 
to those of VTjp and vr^^p in a simple manner. Let us write down what this relation means for the 
Hecke eigenvalues at p of a Yoshida lift. Assume that /, g satisfy the conditions for a scalar valued 
Yoshida lifting (with k2 = 2) and let F € Sj^^/2+iix) be a Yoshida lift of f,g. Let p he a prime 
such that /, g, F are all p-spherical. Then, irp^p ~ Hp where Hp is as in ()25p . The above discussion 
and the calculations in [2] now imply that F is an eigenfunction for T^'^\p) and T^'^\p'^) {i = 1,2) 
with eigenvalues \^'^\F,p) and X^^\f,p'^) {i = 1,2) given as follows: 

A(2)(F,p) = p(A(i)(/,p) + A(i)(5,p)), Af (F,/) = ^ip)^ 
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xf\F,p^) = x{p){p^ - 1) +pX^'Hf,p)X^'Hg,p). 

We now explain the relation between Yoshida lifts as defined in this paper, and scalar valued 
classical Yoshida lifts of squarefree level as defined, for instance, in [9l [lOl [TTl [12l [51] . Let us first 
recall the latter construction. For any positive integer A^, define 

(26) r[,')(iV):=|(^^ ^) G Sp4(Z) I C ^ (mod iV)| . 

Let fci > 2 be an even integer and A'^i, N2 be two positive, squarefree integers such that M = 
gcd{Ni, N2) > 1. Let / be a classical newform of weight ki, level A'^i, trivial nebentypus and g be 
a classical newform of weight 2, level N2, trivial nebentypus such that / and g are not multiples 
of each other. Assume that for all primes p dividing M the Atkin-Lehner eigenvalues of / and 
g coincide. Put A'^ = lcm(iVi, A^2)- By a result from [51], or equivalently, by the more classical 

constructions of O [lOl HTJ [12] , there exists for each divisor Mi of M with an odd number of prime 

(2) 

factors a certain non-zero holomorphic Siegel cusp form Ff„-Mi G ^hij--\ i^o i^)) ^^^^ ^ Hecke 
eigenform and whose spin L- function is the product of the L-functions of / and g. We shall refer 
to the forms Ff^g.^i as the classical Yoshida lifts attached to the pair {f,g). It can be shown 
that each Ff^g-Mi is a Yoshida lift of (/, g) in the sense of this paper (the relevant conditions from 
Definition 14.11 can be easily seen to hold using the arguments of [SU Section 3.3]); in particular, 
their adelizations generate irreducible representations. If H = Uf^g-Mi is the irreducible cuspidal 
representation generated by the adelization of Ff^g-Mi , then 11^ is non-generic exactly at the primes 
dividing Mi and at infinity. If D be the definite quaternion algebra over Q ramified exactly at 
(infinity and) the primes dividing Mi, then Fj^g-Mi can be constructed explicitly by relating /, g 
to forms /' and g' on via the Jacquet-Langlands-Shimizu correspondence, and then taking a 
global theta lift from x to GSP4. One can write down the Fourier coefficients of Fj^g-Mi 
precisely in terms of certain representation numbers. 

We now prove that a Yoshida lift F as defined in this paper is equal to (a multiple of) one of the 
classical Yoshida lifts i*/,g;Mi whenever F is defined with respect to a Siegel congruence subgroup 
of squarefree level. 

Proposition 4.6. Let ki > 2 be an even integer and Ni, N2 be two positive, squarefree integers. 
Put N = lcm(Ni,N2). Let f be a classical newform of weight ki, level Ni, trivial nebentypus and g 
be a classical newform of weight 2, level N2, trivial nebentypus such that f and g are not multiples 

(2) 

of each other. Then there exists a Yoshida lift F of {f,g) such that F G 5fei (Fq (N)) if and 

"2"+-*- 

only if M = gcd{Ni,N2) > 1 and the Atkin-Lehner eigenvalues of f and g coincide for all primes 
p dividing M . Moreover, in that case, we have an equality of sets 

{F G S^^^{r^o \N)) -.F isa Yoshida lift of {f,g)} = |JW,9;Mi : * G C} 
' Ml 
where the union is taken over all positive divisors Mi of M with an odd number of prime factors. 

Proof. By Theorem[5l for a Yoshida lift F of (/, g) to exist, vrjp and iTg^p must both be discrete series 
at some prime dividing M. So M must be greater than 1 for a lift to exist. Now, let F be a Yoshida 
lift of {f,g) such that F G Sk^ {Tf\N)) where N = lcm(iVi, A^2)- The fact that N is squarefree 

implies that for each p dividing N, maps under the isomorphism np — ttf,p ^ ('^J;^p7r-F,i;) to a 
(non-zero) vector of the form <j)p^ a where <j)p is a vector in TTp^p that is fixed by 

(27) E:g:=|(^^ ^) G G2(Zp) I C = (modpZp)|. 
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However, if in addition, we know that p divides M and the Atkin-Lehner eigenvalues of / and g are 
different at p, then the calculations of [511 Sec. 3.3] show that a representation vr of G2{Qp) satisfying 

(2) 

^i'^p) = ^i'^f,p) ® L{T^g,p) has no i^Qp-fixed vector. It follows that the Atkin-Lehner eigenvalues 
of / and g must coincide at all primes dividing M. Conversely, if M > 1, and the Atkin-Lehner 
eigenvalues of / and g coincide at all primes dividing M, then there does exist a Yoshida lift F of 

(2) 

{f,g) with F € 'S'fci (Fq (N)); indeed any Ff„.Mi as defined above is an example. 

Finally, in order to show the equality of the two sets, let F G Ski i^n i^)) be a Yoshida lift 

of {f,g)- Let Ml be the product of all the primes p dividing M where np^p is non-generic. By 
Theorem [H Mi has an odd number of prime factors. We claim that F is a multiple of Ff^g.^i ■ 
To show this, we first prove that ttf = Hf^g-Mi- By the multiplicity one assertion of Theorem SI 
it suffices to prove that irp — Hf^g-Mi- We proceed locally. Note that L{{Ilf^g-Mi)v) = L{Trp^y) 
for all places v. If t; is a place that is not among the primes dividing M, then there is only one 
representation in the local L-packet, and so it is clear that irp^y ~ {Ilf^g-Mi)v And if p divides M, 
then there are two representations in the local L-packet L{7r f^p) (B L^-Kg^p) , one generic and the other 
non-generic, and by our construction, both TTp^^ and {Ilf^g^Mi)v pick out the same member, namely 
the non-generic one if p divides Mi and the generic one if p does not divide Mi . 

Thus we have shown that irp = Hj^g-Mi- To complete the proof that F is a multiple of Fj^g-Mi 

(2) 

it suffices to show that the space of Kg^-fixed vectors in Uf^g-Mi is one-dimensional for each p 
dividing N. This follows from table (19) of [5l]. □ 

Next, we define the concept of the Yoshida space attached to a pair of holomorphic newforms. 
Let xi) X2 be Dirichlet characters associated to the same primitive Dirichlet character x and let 
f,g be newforms that satisfy the conditions for a scalar valued Yoshida lifting (see Definition 14. 4p . 

Definition 4.7. For any two classical holomorphic newforms f , g satisfying the conditions for a 
scalar valued Yoshida lifting, the Yoshida space attached to f,g, denoted Y[f,g], is the subspace 
generated by all the possible Yoshida lifts of {f,g). 

Equivalently, an element F belongs to Y[f,g] if and only if all irreducible subrepresentations ir'p 
of TTp satisfy 

(28) L{Tr'py) = L{-Kf^y) © L{'Kg^.u) for all places v. 

Note that if the weight of / is /c and that of g is 2, and x denotes the common primitive character 
attached to their characters, then Y[f,g] is a subspace of 5'fc/2+i(^)' 

4.2. Weak Yoshida lifts and weak Yoshida spaces. Let /, g be newforms that satisfy the 
conditions for a scalar valued Yoshida lifting (see Definition 14. 4j) . Without loss of generality, we 
may assume that the weight of / is /c and that of g is 2. 

(2) 

Definition 4.8. Given f , g as above, a non-zero element F £ '5*^/2+1 ^"^ "^^^^ ^ weak Yoshida 
lift of{f,g) if all the irreducible subrepresentations ofnp are isomorphic to a common representa- 
tion tt'p and 

(29) L{7r'pp) = L{'irf p) © L{-Kg^p) for almost all primes p. 

Equivalently, a non-zero Siegel cusp form F is a weak Yoshida lift of (/, g) if and only if there 
exists an irreducible cuspidal representation vr of G2(A) such that 
(i) L{'Kp) = L{TTf^p) © L{TTg^p) for almost all primes pF^ 
(n) F € 5fc/2+i(F(2)(Ar);7rf) for some N. 



'This condition uniquely characterizes Tip at all p where 7r/.p and iig^p are both unramified principal series. 
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Note that it is part of the definition of a weak Yoshida Hft that it's weight must be | + 1 (where 
k is the larger of the weights of / and g). This may appear restrictive but it is actually not. 
Indeed, using the global functional equation for the L- function of Tr'p, one can show that any F 
satisfying (j29p must have weight k/2 + 1. We suppress further discussion of this point in the interest 
of brevity. 

Any weak Yoshida lift of (/, g) is automatically an element of 'S'^/2+i(^) (where x is the common 

Dirichlet character associated to the characters of / and ^f) and is an eigenfunction of Ti^^^'^^^ for 
almost all p. Note also that any Yoshida lift is a weak Yoshida lift. In Section 14.41 we will show 
conditionally (assuming some special cases of Langlands functoriality) that any weak Yoshida lift 
is a Yoshida hft. 

Finally, we define the concept of the weak Yoshida space attached to a pair of classical newforms. 

Lemma 4.9. Let f, g be classical holomorphic newforms of weights k and 2 respectively, satisfying 
the conditions for a scalar valued Yoshida lifting (see Definition \4-4^ - Let x be the primitive Dirichlet 
character attached to the characters of f and g, and let F G '5^/2+1 • "^^^ following are equivalent. 

(i) F = ^^1^=1 with each Fi a weak Yoshida lift of {f,g). 

(ii) If N is any integer such that F E 'S'fc/2+i(r'-^H-^)); then we have an expression F = ^l^i Fi 
with each Fi a weak Yoshida lift of{f,g) and each Fi G Sf./2+i(^^'^\^)) ■ 

(iii) All irreducible subrepresentations n'p ofirp satisfy 

L{Tr'pp) = L{TTf^p) L{TTg^p) for almost all primes p. 

(iv) For each p not dividing Ni, N2, let Yip denote the (unique up to isomorphism) unramified 
principal series representation of G2{Q.p) satisfying 



L{s,Iip) = L{s,1Tf^p)L{s,TT. 



Then there exists a set S of primes containing almost all primes, and an integer N , such 
that F G 5fc/2+i(r(2)(iV);ns), where Us = Opg^Hp. 
(v) For almost all primes p where F is p-spherical, F is an eigenfunction for the Hecke operators 

T^'^\p), T^^p^) with the eigenvalues determined by those of f and g as follows, 

X^'\F,p) = p{X^'\f,p) + A«(5,p)), X?{Fy) = xip){p' - 1) +pA«(/,p)A«(5,p). 

(2) 

Moreover, for each f, g as above, the set of F £ 'S'^/2+1 ^(^ti^fying any (and hence all) of the above 
conditions is a vector subspace of Sj^^^+iix)- 

Proof. The equivalence of the first four statements follow directly from the relevant definitions and 
Theorem [2j The fifth statement follows from the same argument as in Remark 14.51 The assertion 
about being a subspace is trivial. □ 

Definition 4.10. For any two classical holomorphic newforms f, g satisfying the conditions for a 
scalar valued Yoshida lifting, we define the weak Yoshida space attached to f,g, denoted Y'[f,g], to 
consist of all forms F satisfying any (and hence all) of the conditions of Lemma\4.9\ 



The really nice thing about the space Y'[f,g] is that it can be defined — by the last equivalent 
assertion in Lemma [4.9l — using completely classical language that requires no notion of adelization 
or cuspidal representations or L-parameters. Note that given any pair of newforms /, g satisfying 
the conditions for a scalar valued Yoshida lifting, we have an inclusion of sets 

7^ Yoshida lifts C weak Yoshida lifts C weak Yoshida space. 
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Remark 4.11. Assuming that there exists a strong functorial hfting from GSp4 to GL4, we will 
prove in Section 14.41 that every weak Yoshida lift is in fact a Yoshida lift, and hence the weak 
Yoshida space Y'[f,g] coincides with the Yoshida space Y[f,g]. 

4.3. Arithmeticity for Yoshida liftings. The point of this short subsection is to provide a 
theorem which gathers together some arithmeticity properties for (weak) Yoshida lifts and (weak) 
Yoshida spaces. 

We begin with a lemma. 

Lemma 4.12. Let p be a prime and vri, 712 be two representations o/Gi(Qp) with the same central 
character. Suppose 11 is a representation o/'G2(Qp) such that L{Il) = L{tti) © L{'K2)- Then 

(i) For any a G Aut(C), L{"Vl) = L{^tti) © LC^vra). 

(ii) Q(n) C Q(7ri)Q(7r2). 

Proof. We begin an easy observation. Suppose x is a character of . We can think of x as a 
character of G„(Qp) by composing it with the similitude character Then L{Il) = ^(vri) ©L(7r2) 
if and only if L(n (8> x) = L{Tri (8> x) © L{tt2 (8> x)- The proof of this observation follows immediately 
from the behavior of L-parameters under twisting [251 Main Theorem, part (iv)]. 

Now, let n, TTi, TT2 be as in the statement of the lemma and a G Aut(C). Then, using the 

1 /2 1/2 1 /2 

above observation, we have L(n ® 11;/") = L{tti (g) \\;'^) © L{tt2 ® H^' ). Applying a, we deduce 

1/2 1/2 1/2 

a{L(Il®\\p )) = (T(L(7ri (g) I [p' )) ©(T(L(7r2 (8) | |p )). Using [5^ Lemma 5.3], we see that this implies 

^ 1/2 ^ 1/2 ^ 1/2 

that LC^n® \\p ) = L(°'7ri (g) \\p ) (B L{'^tt2'S> \\p ). Using the observation again, we deduce that 

LC^n) =L(-7ri)©L(-7r2). 

To prove the second assertion of the lemma, let a € Aut(C) be such that "'tti = tti and °'Tr2 = tt2- 

We need to show that '^11 = 11. Using the first part proved above, it follows that L{'^Il) = Lijl). It 

is known [471 125] that there are either one or two representations in any given L-packet and (when 

there are two of them) exactly one is generic. The key point now is that "^n is generic if and only 

if n is; this follows immediately from the easy fact that if / is a non-zero Whittaker functional on 

n then cr o Z is a non-zero Whittaker functional on '^Yi. As a result, L{'^Yi) = LiJl) implies that 

'^n = n, as desired. □ 

Theorem 6. Let f and g be classical holomorphic newforms which satisfy the conditions for a 
scalar valued Yoshida lifting. Let vrj and TTg be the irreducible cuspidal representations o/GL2(A) 
attached to f and g respectively, and let Q(/, 5) denote the field Q((7rj)f)Q((7rg)f). Let N be any 
positive integer. 

(i) (Yoshida lift) Suppose that F G 5fc(r(2)(Ar)) is a Yoshida lift of{f,g). Then, Q{{TTF)f) C 
Q{f,g) and for any a S Aut(C), we have that "F is a Yoshida lift of {"f,^g). Furthermore, 
we can write F as a finite sum F = CiFi, such that 

(a) Fi is a Yoshida lift of {f,g) and ttf- = irp. 

(b) Fi € Sk{T^'^\N);'Q{f,g)); in particular all the Fourier coefficients of Fi are contained 
in a CM field. 

(c) Cj G LQ(/, 5) where L is any subfield of C containing all the Fourier coefficients of F. 

(d) {Fi,Fj)=Ofori^j. 

(n) (weak Yoshida lift) Suppose that F G S'fc(r(^)(iV)) is a weak Yoshida lift of (/, g) . Then, 
for any a € Aut(C), '^F is a weak Yoshida lift of f,"g). Moreover, if n'p is any irreducible 
subrepresentation ofirp (note that all irreducible subrepresentations of Tip are isomorphic), 
then we can write F as a finite sum F = Y2i ^iTi, such that 

(a) Fi is a weak Yoshida lift of (/, g) and ir'p, ~ Tr'p for each irreducible subrepresentation 
■k'p^ ofn'p. 
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(b) Fi G S'fc(r(^)(A'"); Q((7r^)f)); in particular all the Fourier coefficients of Fi are contained 
in some CM field. 

(c) Cj € LQ((7r^)f) where L is any subfield of C containing all the Fourier coefficients of 
F. 

(d) {F,,Fj)=0 fori^j. 

(iii) (weak Yoshida space) Suppose that F E Sk(r^'^\N)) belongs to the weak Yoshida space 
Y'[f,g]. Then, for any a € Aut(C), "^F belongs to the weak Yoshida space Y'\^f.,"g\. 
Moreover, we can write F as a finite sum F = CiFi, such that 

(a) FieY'[f,g]. 

(b) Fi G Sk(X^'^\N);Q{f, g)); in particular all the Fourier coefficients of Fi are contained 
in a CM field. 

(c) Ci G LQ{f,g) where L is any subfield of C containing all the Fourier coefficients of F. 

(d) {Fi,Fj)=0 fori^j. 

(iv) (ratio of Petersson norms) Suppose that F and G are non-zero elements belonging to 
the weak Yoshida space Y'[f,g] and that all the Fourier coefficients of F and G lie in Q*-''^. 
Then -j^^ H^s in Q*-"^, and moreover, for all a G Aut(C), we have 

( {G,G) \ ^ {-G,-G) 
''{{F,F)) 

Proof. The assertions about the Yoshida hft and the weak Yoshida hft follow from Lemma 14.121 
and Theorem [3] by taking S = f. Note here that in the case of Yoshida lifts, the assertion Fi G 
5fc(r(2)(Ar); (ttp)^) implies that TTPi = 7Tf because of multiplicity one. 

The assertion about the weak Yoshida space follows also from Lemma 14.121 and Theorem [3] by 
taking 5 to be a set of primes (containing almost all primes) such that for all primes p in S" each of 
F, f, g are p-spherical and eigenfunctions of the local Hecke algebra at p. Note here that for any 
such prime p we have Q((vr^)p) C Q{T^f,p)Q{TTg,p); this is immediate by looking at the L-function. 

Finally, the assertion about Petersson norms is an immediate consequence of Corollary 13.191 □ 



4.4. Do there exist weak Yoshida lifts that are not Yoshida lifts? It is natural to wonder 
whether there exists a weak Yoshida lift that is not a Yoshida lift. In this subsection, we show that 
the answer is no provided we assume certain well-known conjectures that are expected to be true 
(but not completely proved at the time of this writing). The results of this subsection will not be 
used elsewhere in this paper. 

Definition 4.13. Given a positive integer k and a congruence subgroup T of Sp4(Q), we say 
that there exists a nice L-function theory for Sk{T) if for all F G Sk{T) and each irreducible 
subrepresentation vr of irp, the global L-functions L{s,tt), L{s,tt) have meromorphic continuation 
to the entire complex plane and satisfy the functional equation L(s,7r) = e(s,7r)L(l — s,7r). Here 
L{s,Tr) = Y\yL{s,-Ky), L{s,7r) = YlyL{s,Tfv), e(s,7r) = Y\^£{s,Trv) are Euler products of local 
factors defined via the Local Langlands correspondence. 

The existence of a nice L-function theory for S'fc(Sp4(Z)) was proved by Andrianov |2j. In 
general, the existence of a nice L-function theory for all Sk{T) (and indeed, for all irreducible 
cuspidal representations of G2(A)) follows in principle from the work of Piatetski-Shapiro [40]. 
Unfortunately, the explicit verification that the local L and e-factors defined by Piatetski-Shapiro 
coincides with those defined by the local Langlands correspondence does not appear to have been 
carried out except for certain special types of congruence subgroups. For the application below, we 
only need to assume the existence of a nice L-function theory for certain F with squarefree level. 
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For any integer M, we let B{M) denote the Borel-type congruence subgroup of Sp4(Z) of level 
M, namely, 

/ Z MZ Z Z\ 



B{M) = 5p(4,Z) n 



MZ MZ Z i 
\MZ MZ MZ Zj 



Proposition 4.14. Let T be a congruence subgroup o/Sp4(Z) containing B{N) for some squarefree 
integer N . Assume that there exists a nice L- function theory for Sk{T). Let F, G be elements of 
S'fc(r). Let TTi be an irreducible subrepresentation of Tip and 112 be an irreducible subrepresentation 
o/vTG such that TTi^p, iT2,p are tempered at all primes p and vri^p ~ 7r2,p for almost all primes p. Then 
L'{'^i,p) = L{t^2,p) for all primes p. 

Proof. Note that vri^^ and ■n2,v are isomorphic at t> = 00 and at almost all finite primes v = p. So, 
dividing the functional equation of L{s, vri) by the functional equation of L{s, ^2) (this is where we 
use our assumption that there exists a nice L- function theory for Sk{T)), and using |52|, Lemma 
3.1.1] we get, for each prime p, an equation 

Lis, 7ri,p) _ L(l - s, Jf^p) 
cp 



L{s,TT2,p) L(l- 5,772^) 

where m is some integer and c is some complex number (both depending on p). Since T contains 
B(N), it follows that both vri^p and 7r2,p are Iwahori spherical representations; furthermore they are 
both tempered. Now, going through the various possibilities listed in table 2 of [52], we can check 
that for any pair vri^p, 7r2,p satisfying all the above conditions we have that L(7ri^p) = -L(7r2,p)El □ 

Remark 4.15. Proposition 14.141 is false without the temperedness assumption. Indeed, the various 
Saito-Kurokawa lifts of square-free level described in [53] give rise to nearly equivalent representa- 
tions of G2(A) whose local components are isomorphic at almost all places yet do not even belong 
to the same L-packet in the remaining places. 

Remark 4.16. If F = Sp^^iZ), and vri, 7r2 are as in Proposition 14.141 the same proof shows in fact 
that vTi^p ~ Tr2^p at all primes p. For general F, this is not true; indeed the various Yoshida lifts of 
some pair (/, g) give rise to nearly equivalent but non-isomorphic representations. 

Corollary 4.17. Let f, g be classical holomorphic newforms which satisfy the conditions for a 
scalar valued Yoshida lifting. Let T be a congruence subgroup of Sp^^iZ) such that F S SkiT) is a 
Yoshida lift of {f,g) and G G S'fc(F) is a weak Yoshida lift of {f,g). Assume that there exists a 
nice L-function theory for S'fc(F) and that there exists a squarefree integer N such that F contains 
B{N). Then G is a Yoshida lift of {f,g). 

Proof. By looking at the primes p where (|29p is satisfied by both F and G, we conclude that neither 
is of Saito-Kurokawa type. A result of Weissauer [6OJ now tells us that the irreducible subrepresen- 
tations of ttq and are tempered everywhere. The corollary follows from Proposition 14.141 and 
the multiplicity one property mentioned earlier (Theorem H]) . □ 

Corollary 14.171 tells us that weak Yoshida lifts are exactly the same as Yoshida lifts provided 
all the relevant Siegel cusp forms are defined with respect to a Borel-type congruence subgroup of 
squarefree level and we assume the existence of a nice L-function theory for such forms. We will 
now prove that weak Yoshida lifts and Yoshida lifts are always the same if we make a stronger 
assumption. 

Let f be a place of Q. Let $(GL4(Q„)) denote the set of isomorphism classes of admissible 
homomorphism (j) : W^^ GL4(C) where denotes the Weil-Deligne group of Q^,. Let n(GL4(Qt,)) 



I thank Ralf Schmidt for clarifying this point to me. 
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denote the set of isomorphism classes of irreducible admissible representations of GL4(Q^). By local 
Langlands for GL„, we have a bijective map 

(30) L : n(GL4(Q.)) ^ ^GU{Q,)), 

satisfying certain conditions (including, in particular, compatibility of L and e- factors). 

Definition 4.18. Given a positive integer k and a congruence subgroup T of Sp^{Q), we say that 
there exists a strong functorial lifting to GL4 for SkiT) if for all F e Sk{T) and each irreducible 
subrepresentation vr = (8)t;7r„ of Tip, there exists an irreducible automorphic representation^ ir' = 
^vT^'v o/GL4(A) such that L{TTy) = L{tt'^) for all places v. 

The existence of a strong functorial lifting to GL4 for Sk{T) for all k and T is predicted by 
Langlands' general conjectures. A proof should follow from the far-reaching work of Arthur on 
classification of automorphic representations using the trace formula. At the time of this writing, 
it appears that Arthur's results are still conditional on certain stabilization results. We note that 
the existence of such a lifting for S'fc(r) certainly implies the existence of a nice L- function theory 
for 5fc(r). However, proving functorial lifting is generally a much deeper problem than proving 
niceness of a single sort of L-function. If F = Sp4(Z), a strong functorial lifting to GL4 for Sk{T) 
was proved in joint work of the author with Pitale and Schmidt [42] (and it was also proved that 
this lifting is cuspidal provided F is not a Saito-Kurokawa lift). 

Proposition 4.19. Let f, g be classical holomorphic newforms that satisfy the conditions for a 
scalar valued Yoshida lifting. Let T be a congruence subgroup 0/ Sp4(Z) such that F G Sk{T) is a 
weak Yoshida lift of {f,g). Assume that there exists a strong functorial lifting to GL4 for Sk{T). 
Then F is a Yoshida lift of {f,g). 

Proof. As before, we deduce that F is not of Saito-Kurokawa type. Let tt be any irreducible 
subrepresentation oi Tip and tt' be an irreducible automorphic representation of GL4(A) such that 
L(7r„) = L(vr(,) for all places v. Thus L{7r'^) = L{nf^y)(BL{TTg^y) for almost all places v. By the result 
of Weissauer [6OJ, tt' is tempered everywhere. We need to prove that L{tt'^) = L^ttj^^) © L{TTg^^) at 
the remaining places v. By Theorem 4.4 of [32], we know that every place v, 7r(, is a constituent of 
Indp|'j^^'^"^(7rj^t, (g) TTg^^), where P denotes the (2, 2) parabolic of GL4. Now, the results of Bernstein 

and Zelevinsky [5j, along with the fact that the representations vrj^,, TTg^^, tt'^ are all tempered, 
identify 7r(, uniquely, and imply in particular that L{tt'^) = L(7rj^„) © L{TTg^y), as required. 

□ 

5. Ratio of Petersson norms and special L-values 

5.1. The main result. Let us recall some of the concepts defined in the previous section. Given 
two classical holomorphic newforms / and g that are not multiples of each other and whose neben- 
types are associated to the same primitive character, we defined the notion of a Yoshida lift (Def- 
inition 14. ip . We showed that a Yoshida lift exists if and only if / and g satisfy the conditions for 
a scalar valued Yoshida lifting, a phrase that was precisely defined in Definition 14.41 Assuming 
that / and g are newforms satisfying these conditions, we also defined the Yoshida space Y[f,g] 
(Definition 14. 7p , the weak Yoshida lifts (Definition 14. Sp , and the weak Yoshida space Y' [/, g] (Def- 
inition [440]) . All these lifts/spaces consisted of Siegel cusp forms of degree 2 and weight k/2 + 1 
(assuming the weight of (7 is 2 and that of f is k). We noted that the vector space Y'[f, g] contains 
the span of all the Yoshida lifts; we also showed that it is in fact exactly equal to this span if we 
assume the existence of a Langlands transfer from GSp4 to GL4. 
We now state the main result of this paper. 



'For the definition of an automorpliic representation, we refer tlie reader to [13) . 
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Theorem 7. Let f, g be classical holomorphic newforms, of weights 2k and 2 respectively, that 
satisfy the conditions for a scalar valued Yoshida lifting. Let F ^Y' [/, g] . Suppose that k > 6 and 
that all the Fourier coefficients of f, g and F belong to . Then 



7T^{F,F) 



if J) ^ ' 

and moreover, for a G Aut(C), we have 



if J) J C^/,'^/) 

Remark 5.1. By Theorem[6l there is no real loss of generality in assuming that all the forms involved 
have CM algebraic Fourier coefficients. 

Remark 5.2. Let /, gi, g2 be classical holomorphic newforms such that the pairs (/, ffi) and (/, 52) 
both satisfy the conditions for a scalar valued Yoshida lifting (where gi and g2 both have weight 
2). Suppose that Fi G Y'[f,gi], and F2 G Y'[f,g2]. Then, as a corollary to Theorem [TJ we deduce 
(under the standard algebraicity assumptions on the Fourier coefficients) that the ratio j^^'^^j is 
algebraic and satisfies the usual Aut(C) equivariance. This is quite surprising because Fi and F2 
have different Hecke eigenvalues at infinitely many primes provided gi and 52 are not multiples of 
each other, and so the algebraicity of the ratio j^^^^^j goes far beyond what Corollarv 13. 191 provides. 

As an initial key step to proving Theorem [71 we observe that it suffices to prove it in the case 
that F is actually a Yoshida lift. This is because of Corollarv 13.191 and the fact that given /, g as 
in Theorem [71 there does indeed exist a Yoshida lift with CM algebraic Fourier coefficients. 

5.2. Special value results for certain L-functions. In this subsection, we will recall certain 
special L-values results that will be crucial for the proof of Theorem [71 Let us first describe 
the general philosophy. If L{s,A4) is an arithmetically defined (or motivic) L-series associated 
to an arithmetic object Ai, it is of interest to study its values at certain critical points s = m. 
For these critical points, conjectures due to Deligne predict that L{m,M.) is the product of a 
suitable transcendental number Q and an algebraic number A{m,A4), and furthermore, if a is an 
automorphism of C, then a{A{m, Ai)) = A(m,'^A4). In this subsection, we will recall some critical 
value results in the spirit of the above conjecture for L-functions associated to GL2 x GL2 and 
GSp4 X GL2. We will recall the results only in the form that we need (and not strive to state the 
most general result that is known). 

Special values for GL2 x GL2. Let g G Sk{M,x), h G Si{N,ip) be classical holomorphic newforms. 
Then, iTg and tt^ are irreducible, cuspidal representations of GL2(A). The L-function L(s, ttj xvr^) = 
n^L(s,7rj t, x TTg^v) is defined using the local Langlands correspondence (it is known to coincide 
with the definition obtained from the Rankin-Selberg method, or the method of Shahidi). We let 
Lf{s,7rf X TTg) = YlpL(s,iTf^p X TTg^p) denote the finite part of this L-function. The following result 
follows directly from Theorem 3 of [53| after adjusting for normalizations. 



Theorem 8 (Shimura |54j ) . Let g G Sk{M,x), h G Sl{N,^p) be classical holomorphic newforms 
such that k > / and all the Fourier coefficients of f and g lie in Q^'^. For m G ^Z, define 

C{m,g,h)- ^^"^'^^x^'^) 



Then, for m G ^] fl (Z -|- we have C{m,g,h) G Q and for all a G Aut(C), we have 



a{C{m,g,h)) = C{m,''g,'^h). 

30 



(2) 

Special values for GSp4 x GL2. Let F G 5^ be such that irp is irreducible. Let g € Si{M,x) be 
a classical holomorphic newform. The L-function L{s,7rp x -Kg) = Y\^L{s, ) is defined 

using the local Langlands correspondence. We let L^{s,TTp x tt^) = Y\pL{s,TTp^p x vr^p) denote the 
finite part of this L- function. There is a long sequence of results by various people on the critical 
values of Lj{s, irp x vr^). We mention in particular the papers of Purusawa [23], Bocherer-Heim [7], 
and various combinations of Pitale, Schmidt and the author j43| , I4 H H9 l 1501 142j . However, the most 
general result in the equal weight case has been obtained recently by Morimoto [38]. The following 
result follows directly from Theorem I of j38] after adjusting for normalizations. 

Theorem 9 (Morimoto [38j). Let F G S]^' be such that TTp is irreducible and g € Sk{M,x) be a 
classical holomorphic newform. Suppose that k > 6 and all the Fourier coefficients of F and g lie 
in O^^^. Let ip be the primitive Dirichlet character canonically attached to the central character of 
TTpCJ Form G iZ, define 



Cim,F,g) 



Lj{m, Tip X TTg) 



^im+3k-iikG(^^)2(^F,F){g,g)- 

Then, for m € [3, | — l] n (Z + |), we have C{m,F,g) E Q and for all a G Aut(C), we have 
a{C{m,F,g))=C{m,-F,-g). 

Remark 5.3. In his paper [38j, Morimoto states the above theorem incorrectly as being true when- 
ever the Fourier coefficients of F are algebraic. This cannot be true, as can be seen easily by mul- 
tiplying F by some algebraic number a that is not in Q*-'^ and choosing a such that a(jy.) 7^ cr(a). 
The error in [38] can be traced back to his Lemma 6.4, which is stated for any number field L but 
in reality is true only for L that are subfields of CM fields (compare with our Corollary 13. 19p . 

Remark 5.4. Using Corollary 13.191 it is clear that Theorem [9] can be extended to any F in S"^ 
that is an eigenfunction of almost all Hecke operators (and replace uphy some irreducible subrep- 
resentation) . 

5.3. The proof of Theorem [T]. We now prove Theorem[71 Let / G S2k{Ni,xi)} 9 ^ '52(^2, X2) 
be newforms (normalized to have CM algebraic Fourier coefficients) that satisfy the conditions for 
a scalar valued Yoshida lifting. We let x denote the primitive Dirichlet character that is associated 
with both xi &iid X2- Note that x is necessarily even, i.e., = 1- As remarked at the end 

of Section 15. H it suffices to prove the Theorem in the special case that F is a Yoshida lift and all 
the Fourier coefficients of F lie in Q*-"^. It is clear that F G 5'|.^-^(x)- As in the statement of the 
Theorem, we assume that A; > 6. 

We have two cases depending on whether k is odd or even. We first deal with the case k odd. 
Then /c + 1 is even, and since x is an even Dirichlet character, for some sufficiently large level there 
exist^ a classical holomorphic newform h of weight k + \ and character x- By normalizing, we 
may assume that h has CM algebraic Fourier coefficients. 

Define 

^l^'^J 7r5'=-3(F,F)(/i,/i) ■ 
Then, by Theorem [9l for any a G Aut(C) we have 
(31) a(C(F,/i)) = CC^F,'^/i). 

Next, define 



2lEqmvalently, F G 5"^' (V')- 

^^This follows easily from weak dimension formulas for spaces of cusp forms. 

31 



Then, by Theorem [HI for any a G Aut(C) we have 
(32) a(C(/,/i)) = C(7,'^/i), cj{C{Kg)) = C{^K'^g). 

From ()3ip and ()32p . we deduce that for all a € Aut(C), we have the identity 

^ ^ "V C{F,h) )- C{'^F,'^h) ■ 

By the basic property of Yoshida lifts (see Remark 14. 2p . we derive 

C{f,h)C{h,g) _ n^{F,F) C{'^f,^h)C{'^h,'^g) _ 7t^'^F,-F) 

^ ' C{F,h) - ifj) ' C{'^F,'^h) - C^f,-/) ■ 

Combining ([33]) and ([Sljl . we deduce that 

""v (/,/> y c^/,^/) ' 

as required. 

Next we consider the case when k is even. Then A: + 1 is odd. Pick any odd quadratic character 
e and put X3 = X^- Then X3 is even and for some sufficiently large level there exists a classical 
holomorphic newform h of weight k + 1 and character X3- By normalizing, we may assume that h 
has CM algebraic Fourier coefficients. 

Now, we define 

Lf{{k-l)/2,TTF XTTh) 



C{F,h) 



'K^k~HG{ef{F,F){h,h)^ 



^" 7r3fc-iiG(e)(/,/) ' 7r^kG{e){h,h) ' 

and proceed exactly as before. 
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